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Introduction
Pseudopotentials were introduced to model the interaction between ions and valence electrons. They
effectively eliminate, from the very start, the true electron–nuclear potential and the ‘‘inner core’’ electrons,
that is, those electronic states which are tightly bound
to the nucleus, do not participate in the formation of
chemical bonds, and remain approximately unchanged
in atoms, molecules, and solids. This tremendous conceptual simplification also amounts to a very practical
and efficient computational scheme, especially when a
plane-wave basis set is adopted to expand the electronic wave functions. After 1980, this method, in
connection with a density-functional description of the
electron–electron interaction, evolved into a reliable
prescription for the first-principles computation of
electronic, structural, and dynamical properties of
molecules and solids. In this context, its present accuracy and predictive power for real materials, as well as
relatively complex molecular systems, leads many experimental groups to regard its results as a valuable,
independent source of microscopic information.
The physical and chemical basis for this fortunate
approximation is twofold. First, in an atom only a
few electrons determine the formation of chemical

bonds to other atoms, while most of the electrons,
tightly bound to their nucleus, are practically frozen;
pseudopotentials simultaneously eliminate the unimportant inner electrons and the nuclear potential responsible for their binding. Second, the quantum
nature and the Fermi statistics of the electrons are
such that the combination of repulsion and attraction
due to the inner electrons and to the nucleus results
in substantial cancellations, and can be effectively
replaced by a relatively smooth ionic pseudopotential, which only acts on the few important electrons.
To fully appreciate contemporary first-principles
pseudopotentials, a few key concepts are needed.

Valence and the Periodic Table
Between the end of the eighteenth century and the
beginning of the nineteenth century, the pioneering
work of Lavoisier, Dalton, Gay–Lussac, Avogadro,
and others led to the distinction between compounds
and elements, to the discovery that elements combine
in fixed and multiple proportions of whole numbers
to yield compounds, and, ultimately, to the modern
concept of the atom. The formulas of compounds
were soon systematized by assigning certain combining powers, the valences, to the elements, as if each
atom had a particular number of little hooks on it to
attach itself to similar hooks on other atoms. Half
a century later, Mendeleev drew up his periodic
table of the elements, with eight columns reflecting
the remarkable correlations between the atomic
valence and weight, first pointed out by Newlands.

432 Pseudopotential Method

What in his table was just a progressive number was
in fact the atomic number Z (the number of protons
in the nucleus or, equivalently, the number of electrons of the neutral atom) – as shown by Moseley’s
X-ray experiments, at the beginning of the twentieth
century.

The Atomic Shell Structure
In the same years, the advent of quantum mechanics
(first the Bohr model and then the Schrödinger equation) allowed a simple and consistent interpretation
of the remarkable regularities of the periodic table of
the elements.
Atoms are built up of successive orbital shells of
electrons, labeled by the principal quantum number
n and the angular quantum numbers lm, which are
less and less tightly bound to the nucleus. For given
nl, each of the ð2l þ 1Þ equivalent orbitals nlm can
host, because of the Pauli principle, a maximum of
two electrons. A complete s shell ðl ¼ 0Þ thus contains 2ð2l þ 1Þ ¼ 2 electrons, a complete p shell ðl ¼
1Þ 6 electrons, and so on. The Pauli principle (i.e., the
Fermi statistics obeyed by the electrons) is thus
the reason for the progressive filling of orbital shells,
as the atomic number grows. Elements of the same
group of the periodic table, with different Z and
different number of inner, complete core shells, have
a common feature: the number of electrons and the
electronic configuration of their outermost shell – the
valence shell. That is why their chemical properties
are so similar; and also why (disregarding transition
d- and f-metals) chemical properties go by ‘‘octaves’’
(Newlands) and the groups are eight: it takes eight
electrons to completely fill an sp valence shell.
The persistence throughout the periodic table of a
recognizable hydrogen-like orbital shell structure
explained a lot of experiments in the early days of
quantum mechanics, but is not so obvious. Somehow,
one-electron quantum numbers and orbitals cnlm ðrÞ ¼
Rnl ðrÞYlm ðr̂Þ (where the vector r represents the position
of the electron with respect to the nucleus, R are radial
functions, and Y spherical harmonics) remain meaningful even for atoms which, unlike hydrogen, have
many electrons and not just one. Why? Because, in
atoms, to a good approximation, (1) the electron–
electron repulsion may be replaced by its average: a
mean-field, one-electron potential which screens the
strong, attractive % Z/r Coulombic potential of the
nucleus, (2) such a mean-field potential is, in turn,
well-approximated by its spherical average, so that the
atomic states can still be factorized into a radial and an
angular part, and thus labeled by the same quantum
numbers nlm as the hydrogen atom, (3) since the nucleus is a positive point charge while the negative

electronic clouds are more or less delocalized, their
spherically-averaged mean-field repulsive potential
provides, at finite distance from the nucleus, only a
partial screening of the nucleus, and does not completely destroy the order of the energy levels of the
bare % Z/r nuclear potential. The validity of the meanfield approximation (1) in atoms is the cornerstone of
the remarkable simplicity of their interpretation in
terms of one-electron orbitals and quantum numbers,
and amounts to the success of the Hartree–Fock
variational solution of the true, many-electron quantum problem. Combined with the spherical average
(2), it results in a set of hydrogen-like equations
(atomic units _ ¼ me ¼ e ¼ 1 (where me and e are
electron mass and charge, respectively) are used here
and in what follows, unless otherwise stated):
!
"
1
Z
ĥSCF cnlm ¼ % r2r % þ v# screen cnlm ¼ enl cnlm ½1'
2
r
where ĥSCF is one-electron self-consistent field
Hamiltonian and enl are its eigenvalues. Equation [1]
differs from the true (nonrelativistic) Schrödinger equation appropriate to noninteracting electrons by the
presence of a screening potential v# screen , which is a
functional of the occupied orbitals cnlm ðrÞ. (The concept of functional generalizes that of function. A function associates a number to each number defined in a
certain interval, its domain. A functional associates
a number or a function to each function defined in a
certain functional space. For example, it can be seen
below that for any charge distribution n(r), there is a
corresponding electrostatic potential vH (r); vH is then a
functional of n: vH ¼ vH[n].)
The presence of v# screen makes the entire effective
Hamiltonian ĥSCF depend on its own eigensolutions;
this is a nonlinear, but numerically feasible self-consistent-field (SCF) problem. Similar self-consistent
equations emerge from the density-functional theory;
the reason is quite subtle, but superficially speaking,
in comparison to the Hartree–Fock equations, the
difference is that the screening potential v# screen depends on, and acts upon, the orbitals cnlm ðrÞ, in a
different way. This difference, however, concerns only
part of the screening potential, the so-called exchange-correlation potential, which is not crucial for
a qualitative understanding of the atomic shell structure, since the main contribution of the occupied
electronic states to v# screen always comes from the other
part, their classical electrostatic (or Hartree) potential
Z
nðr 0 Þ
d r0
½2'
vH ðrÞ ¼
jr 0 % r 0 j
where n(r) is the electronic charge density, sum of the
squares of the occupied orbitals cnlm ðrÞ. In the
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Figure 1 Atomic shell structure: the example of silicon
(Z ¼ 14). Top: the 14 ionization potentials of silicon, in electron
volts (note the logarithmic scale). Bottom: radial electronic density as a function of the distance from the nucleus; both in energy
(top) and in space (bottom), the core shells (1s, n ¼ 1, and 2s,
2p, n ¼ 2) are well separated from each other and from the valence 3s, 3p shell (n ¼ 3).

ground state of the neutral, atom they are occupied in
order of increasing energy enl (decreasing binding
energy and localization), each by two electrons (spin,
Pauli principle), except for the outermost valence
states, some of which may be partially occupied or
empty. The repulsive electrostatic potential vH (eqns
[1] and [2]) due to these concentric spherical clouds
only partially screens the pointlike % Z/r attractive
singularity of the nuclear potential; a hydrogen-like
shell structure survives, with the outermost (valence)
orbitals usually well separated from the inner-core
orbitals (see Figure 1 and top panels of Figure 2).

From Free Electrons to Pseudopotentials
The atomic shell structure, the distinction between
core and valence shells, and the fact that the core
shells are tightly bound and closer to the nucleus,
explain not only the periodic properties of the elements, but also a wealth of other experimental facts,
from the energy gaps which separate different groups
of atomic ionization potentials in a given atom (see
Figure 1, upper panel) to the minor role played by
the cores in the formation of chemical bonds and in
the electrical and thermal properties of solids.
Sommerfeld’s free-electron model, for example, gave
quite a reasonable picture of the conductivity and
low-temperature specific heat of simple metals by
completely disregarding both the core electrons and
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Figure 2 True vs. pseudo-atom, the example of boron (Z ¼ 5).
In the true neutral atom (top panels) there are five electrons. Two
occupy the tightly bound 1s core orbital c100 ¼ R10 Y00 , another
two the shallow 2s valence orbital c200 ¼ R20 Y00 (top left), and
the last one the 2p valence orbital (e.g., pz, or c210 ¼ R21 Y10 : top
right). Here, the radial orbitals wnl ¼ r Rnl are dashed lines and
their zero is vertically shifted and lined up to the corresponding
energy eigenvalue (gray line). The screened nuclear potential
(top panels, black solid line) retains much of its original Coulombic shape, and a hydrogen-like shell structure results: the 1s
orbital corresponds to a deep eigenvalue (ecore , gray thick line)
and is localized near the nucleus, while the 2s and 2p valence
orbitals are ‘‘fatter’’ and correspond to a shallower energy (eval ,
gray thick line). In a pseudo-atom (bottom panels), the core
electrons and the nucleus are simultaneously eliminated and replaced by a pseudopotential (bottom, black solid line); in boron,
one is thus left with just three electrons, two in the s (left) and one
in the p (right) pseudo-valence-orbital. These orbitals should ideally have the same energy eigenvalue and wave function amplitude as the true valence orbitals (top, dashes). The amplitude,
though, can be the same only outside the core: inside it, the true
valence 2s orbital (top left) is radially orthogonal to the core 1s
orbital and changes sign (has one radial node), while, by definition, the pseudo-valence-orbital (bottom left) has no underlying
core, and is thus nodeless. Similar considerations apply to
energy: the pseudopotential (black solid, bottom panels) may effectively replace the true potential (black solid, top panels) only
within some energy window around the valence eigenvalue eval .
But this may be sufficient for an excellent approximation of the
atom’s behavior in a molecule or a solid, since bands and bonds
spread the valence energies only a few atomic units away from
the eigenvalue of the isolated atom (see text).

the nuclei; the valence electrons were its only ingredient, and, apart from being confined in the crystal,
were subject to a completely flat potential. The
success of such a crude model rests on more than just
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a distinction between core and valence electrons, and
is a good starting point for introducing the concept of
pseudopotential. It tells that, at least in simple metals
such as, say, sodium or potassium, valence electrons
roughly behave as if core electrons and strongly attractive nuclei simply did not exist. The successful
description of simple metals in terms of quasi-free
electrons (an improvement over Sommerfeld’s model
based on perturbation theory) confirmed that the
combined presence of strong and localized objects –
core shells plus nuclear potentials – effectively results
in a weak periodic perturbation, a lattice of smooth
ionic potentials which slightly repel the valence electrons from the immediate vicinity of the nuclei.
If the basic idea of the pseudopotential method goes
back to Fermi and in some sense also to Hellmann and
Antončik, Phillips and Kleinman were the first, in a
seminal paper which appeared on the Physical Review
in 1959, to show that, inside the core region, the requirement of orthogonality of the valence states to the
inner core states, which pushes the outermost maximum of the valence wave functions away from the
core region (Figure 2, top left), acts like a repulsive
potential which tends to cancel the attractive nuclear
potential felt by the valence electrons, so that, more
often than not, their combined effect may be well approximated by a relatively weak repulsive potential, or
pseudopotential (Figure 2, bottom left). As soon as
their ‘‘cancellation theorem’’ was supplemented by the
key observation about the amount of arbitrariness in
the choice of pseudopotentials and their general form,
independently proposed by Bassani and Celli, and by
Cohen and Heine in 1961, a practical prescription
for their use became available. These results raised
enthusiasm in the scientific community of solid-state
theoretical physicists, who started a very fruitful exploitation of the pseudopotential idea, in combination
with a basis set of plane waves to represent the valence
wave functions. The reason is easily understood. A
crystal with lattice vectors R is described by SCF
equations analogous to the atomic eqn [1], where a
single nucleus is replaced by a periodic array of nuclei,
and the eigenstates labeled by the band index n and
Brillouin-zone wave vector k, satisfy the Bloch condi.
.
tion cnk ðr þ RÞ ¼ eik R cnk ðrÞ. A plane wave eiðkþGÞ r ,
where G is a reciprocal-lattice vector defined by
.
eiG R ¼ 1, individually satisfies the Bloch condition,
and so does any linear combination of plane waves
X
.
cnk ðGÞeiðkþGÞ r
½3'
cnk ðrÞ ¼
G

where cnk(G) are one-electron wave functions in the
reciprocal space. A basis set of plane waves thus represents a natural choice for solving the crystalline
SCF equations. If the sum in eqn [3] includes all the

reciprocal-lattice vectors G (a complete set of plane
waves), the above expansion becomes an exact transformation, and turns the real-space SCF equations for
cnk ðrÞ into their G-space counterpart
"
X!1
jk þ Gj2 dG;G0 þ v* ðG % G0 Þ cnk ðG0 Þ
2
0
G

¼ enk cnk ðGÞ

½4'

where v* are the Fourier components (at wave vectors
G00 ¼ G % G0 ) of the spatially periodic potential due to
the nuclei plus the screening potential v# screen due both
to the core and to the valence electrons. In practice,
when a numerical solution is being sought, the planewave expansion must be truncated so that only a
finite number Npw of G-vectors, those satisfying
jk þ GjoGcut , are included in the sum of eqn [3].
Here is where the elimination of cores and the introduction of pseudopotentials become crucial. If the
smallest length scale in the electronic wave functions is
lmin, one needs at least Gcut B2p=lmin , and, in the
expansion of eqn [3], the number of plane waves k þ G
included in a sphere of radius Gcut is Npw pG3cut . In the
true, full-core atom, lmin is dictated by the 1s core
state: because of orthogonality, in the core region
not only the 1s, but also all the higher s states, up
to the valence shell, will have wiggles of length
scale lmin ¼ l1s , which is much smaller than typical
nearest-neighbor (NN) distances and lattice constants
l1s {dNN o a. This makes Npw so large, that the
Npw ( Npw matrix corresponding to eqn [4] becomes
practically intractable. (Indeed the computational
effort to diagonalize an Npw ( Npw matrix scales like
N3pw for a full diagonalization and approximately like
N2pw if only the lowest eigenvectors and eigenvalues of
the eqn [4] are being sought.) If, instead, core electrons
can be effectively eliminated, one is left with a crystal
of valence-only, pseudo-atoms where effective ions,
screened by their valence electrons alone, replace the
true ions made of nuclei and core electrons. Unlike the
true valence wave functions, the psuedo-wave-functions are smooth inside the core regions, since, in a
pseudo-atom, the spatial wiggles due to the orthogonality to inner-core states disappear (compare the top and
bottom panels of Figure 2); the minimum electronic
length scale lmin is now comparable to typical nearestneighbor distances. So, with respect to the true crystal,
a much smaller number Npw of G-vectors is required
for an accurate expansion of the crystal wave functions
(eqn [3]); the reciprocal-lattice vectors G00 ¼ G % G0 to
be included in the crystal pseudopotential v* ¼ v* ps ðG00 Þ
of eqn [4] are also few; a numerically affordable
Npw ( Npw saecular problem results.
Besides rationalizing the perturbative theory of
the quasi-free-electron model, pseudopotentials thus
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ignited some sort of gold rush in the field of the
electronic states of solids: appropriate pseudopotentials for the electron-ion interaction and a basis set of
a few plane waves for the expansion of the crystal
wave functions were now sufficient, beyond the limits of the perturbation theory, to successfully describe
the valence bands (and thus the electrical and optical
properties) not only of simple metals, but also of
semiconductors and insulators.

Empirical Pseudopotentials
The very argument on orthogonality between valence
and core orbitals suggests that pseudopotentials
should, in principle, be derived from atomic wave
functions.
Luckily, it was clear from the very beginning that,
for quite a number of elements, a local (i.e., angularmomentum independent, see later) pseudopotential,
given in terms of a few adjustable parameters, could
provide an acceptable approximation of the true
electron-ion interaction. This was true for many solids, some of which were of paramount technological
importance: alkali metals, simple metals such as aluminum, and also elemental and compound semiconductors. Because of this simplification (and also of the
difficulties of fully self-consistent calculations in those
years), much of the early, successful pseudopotentials
were obtained from fits to experimental data and not
from atomic wave functions. A very popular empirical
procedure was, for example, to (1) directly address a
valence-only problem for the crystal: in eqn [4], the
core bands are thrown away from the very start; (2)
forget about self-consistency, and rather (3) treat as
disposable parameters, the (by now few) Fourier components v* ps ðG % G0 Þ of the total crystal pseudopotential, which replace the true potential v* ðG % G0 Þ in eqn
[4], and vary them until the experimental optical absorption spectrum, the effective mass, and/or other
measured quantities were optimally reproduced. In less
than ten years, these (or similar) empirical pseudopotentials gave a substantial contribution to the basic
understanding of many crystalline solids. In particular,
they proved the ideal theoretical tool for bulk semiconductors, whose revolutionary impact on technology
happened to boom precisely in those years; alternative
band-structure approaches, excellent for close-packed
solids and transition metals, failed to describe the
highly directional covalent bonds of semiconductors.

Model Pseudopotentials
The success on ideal, periodic bulk solids fueled more
ambitious tasks of great fundamental and technological interest: the description of electrons at

lattice imperfections of solids, such as surfaces,
vacancies, interfaces.
These imperfections imply a much lower spatial
symmetry than perfect crystals, not only because they
break the translational symmetry, but also because, as
a consequence of their presence, a number of surrounding atoms may be displaced with respect to their
position in the corresponding ideal solid. Periodicity,
and thus Bloch’s theorem and a plane-wave basis, may
still be exploited: one may always treat an arbitrarily
complicated, low-symmetry collection of atoms as
the (large) unit cell, or supercell, of an artificial crystal. But the early applications to imperfect solids
showed that empirical pseudopotentials, tailored to
describe perfect crystals, were not transferable to lowsymmetry systems: the self-consistent rearrangement
of valence electrons around imperfections, with a
reliable dependence of their ground-state energy on
atomic positions (needed to determine equilibrium
atomic displacements), were simply beyond their
scope.
New, transferable pseudopotentials were needed
for this purpose. In other words, potentials which
adequately represent the interaction between ions
and valence electrons not just in a given perfect
crystal but in many different chemical or solid-state
surroundings (isolated atom, molecule, ideal, or imperfect crystal). This brought many theorists back to
pseudopotential definitions based on the isolated atom, and to the distinction between a bare ionic
pseudopotential vps, bare which replaces the true ion
(nucleus plus core electrons) and never changes, and
valence electrons, which are allowed to self-consistently rearrange (i.e., form different bonds in response
to different environments). Since by electrostatic
arguments, outside the atomic core, such a bare
pseudopotential must have a long-range, attractive
Coulombic tail % Zv/r (where r is the distance from
the nucleus and Zv is the valence charge, equal to the
number of valence electrons in the neutral atom), the
simplest bare pseudopotentials were of the form:
(
rorc
V0 ;
vps;bare ¼
½5'
%Zv =r; r4rc
The only two parameters appearing in the above
model (sometimes reduced to just one, the core radius rc: see Figure 3 and caption) were determined
either from the isolated self-consistent atom or in
other semi-empirical ways. Of course fancier models,
with more parameters, were also conceived.
To use these bare pseudopotentials in, say, a
molecule or a solid, one had then to screen them
self-consistently with their valence electrons. For
this purpose, the most popular choice within the
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Figure 3 Model bare pseudopotentials. Lower panel: two-parameter pseudopotential. Upper and middle panels: one-parameter pseudopotentials, where the only parameter is the core
radius rc, roughly corresponding to the spatial extent of the outermost core orbitals, or to the outermost radial node of the true
valence orbitals (see Figure 2 and text).

solid-state community was the density-functional
theory by Hohenberg, Kohn, and Sham, which, in
1964–65, had opened a historical avenue toward the
calculation of structural and electronic properties of
atoms, molecules, and extended systems. Here the
screening potential (which appears, e.g., in eqn [1])
is v* screen ¼ vH þ vxc ¼ vscreen ðrÞ, where vH is the
Hartree potential (eqn [2]) and vxc is another functional of the electronic charge density, which includes, in principle, all the exchange and correlation
contributions due to the quantum many-body nature
of the electronic interacting system. In practice, the
functional vxc was given by the (very fortunate) local
density approximation, which adopts for vxc an
analytic expression derived from the homogeneous
electron gas. This approximately yields a cube root
law vxc ðrÞpn1=3 ðrÞ and thus, unlike the Hartree
potential (eqn [2]), vxc has a nonlinear dependence
on the charge density: vxc ½n1 ðrÞ þ n2 ðrÞ'avxc ½n1 ðrÞ'þ
vxc ½n2 ðrÞ', a point which will be recalled later on.
More accurate approximations of this functional are
currently used. The density-functional approach has
the additional bonus of a straightforward evaluation
of the ground-state energy (yet another functional of
the electronic density).
Molecular or solid-state systems were thus described in terms of model ions, sitting at the atomic
positions, each represented by a model bare-ion pseudopotential like eqn [5], and valence electrons, selfconsistently described with the density-functional
theory. This approach gave important insight into

the charge rearrangement around, for example,
surfaces or defects, but definitely failed to provide
reliable ground-state energies, and thus useful predictions on equilibrium atomic geometries. In the
case of silicon, for example, it completely missed the
experimentally stable diamond structure. Since, in
the same decade, parallel applications of the densityfunctional theory to true, full-core systems (like, e.g.,
atoms and molecules) gave, instead, very reasonable
energies, it appeared very likely that the bug was in
the definition of the model pseudopotential. It was
shown that model pseudopotentials not only gave
poor ground-state energies for crystals, but already
failed to faithfully reproduce the valence charge density of an isolated atom outside the core region; an
increasing attention was thus paid to the tails of the
pseudo-wave-functions in the isolated atom, with the
goal of a completely coherent, first-principles definition of the pseudopotential, exclusively based on
atomic wave-functions, within a given self-consistent
scheme (usually the density-functional theory). The
goal appeared very difficult and all the key concepts
and approximations involved in the pseudopotential
theory were critically revisited: is it at all possible
that a smooth, local potential faithfully reproduces
the effect of the true, full-core ion in a variety of
different physical and chemical situations?

Nonlocal Pseudopotentials
From the original Phillips–Kleinman paper, it was
actually clear that the radial orthogonality condition
will, in general, produce angular-momentum dependent pseudopotentials. In boron, for example, the
pseudo-valence-orbital of s symmetry feels an effective repulsive potential (Figure 2, bottom left) which
is reminiscent of the orthogonality between the true
2s valence orbital and the 1s core orbital (top left).
This is not the case, however, for the 2p valence orbitals (top right): for them, no effective repulsion is
required in the pseudo-atom, because 2p is the lowest
possible p state and, already in the true boron atom,
its orbital has no radial nodes: at variance with the 2s
states (top left), the 2p states (top right) have no underlying p-like core to be orthogonal to. In other
words, if a pseudo-boron ion must accurately replace
a true boron ion (nucleus plus core electrons), then,
in the core region, the corresponding pseudopotential
must be repulsive for s valence electrons but attractive for p valence electrons. The same situation
holds not only for boron, but also for the entire first
row of the periodic table (sp elements such as carbon,
oxygen, or nitrogen), and, for similar reasons, for the
first period of d- and f-transition elements. But the sp
angular momentum dependence is not exclusive of
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first-row atoms: second-row and heavier elements,
which have both s and p electrons in the core, will
have a similar, though less dramatic effect. For example, the silicon ion (not shown) has two s-shells
but only one p-shell in the core, so its s valence electrons effectively feel a more repulsive potential than
its p electrons. Some angular-momentum dependence
may, in fact, be required for an accurate description
of any element of the periodic table.
Mathematically, such angular-momentum dependent potentials are nonlocal potentials v# NL , whose action on a wave function c may be written, in real
space, as
Z
½6'
ð#vNL cÞr ¼ dr 0 Kðr; r 0 Þcðr 0 Þ
where the kernel, for an atom sitting in the origin, is
X
dðr % r0 Þ
)
Ylm
ðr̂Þvl ðrÞ
Ylm ðr̂0 Þ
½7'
Kðr; r 0 Þ ¼
rr0
lm

and the angular-momentm projector selects the component of cðrÞ onto which the corresponding vl ðrÞ
applies. An s electron will, for example, feel a radial
potential vl¼0 (Figure 2, bottom left, black solid line)
and a p electron a different potential vl¼1 (bottom
right). This is sometimes called a ‘‘semi-local’’ potential, since it is nonlocal with respect to the direction r̂
(the angular coordinates y, f), but local with respect
to the radial coordinate r (the electron’s absolute
distance from the nucleus). Nonlocal pseudopotentials of this kind attracted interest because, as mentioned, neither the local, empirical pseudopotentials
(which had been successful in the basic understanding of bulk metals and semiconductors), nor the
local, semi-empirical model potentials described in
the previous section, could predict reliable structural
properties and ground-state energies. Many groups
reconsidered the possible relevance of nonlocal pseudopotentials and went back to the Phillips–Kleinman
argument, but even an exact orthogonalization to the
core atomic orbitals failed to produce a satisfactory
solution of the transferability problem.

Norm-Conserving Pseudopotentials
The breakthrough came from a (by now classical)
paper of Hamann, Schlüter, and Chiang, which appeared on Physical Review Letters in 1979, closely
followed by a very similar, but independent paper of
Kerker on the Journal of Physics C. They showed
how to incorporate, from first-principles, the pseudopotential scheme within the density-functional
theory. The key property of a transferable ionic
pseudopotential, they said, is to exactly reproduce
for each angular momentum, the corresponding

valence wave function outside the atomic core. To
obtain those exact tails, each valence state of different angular momentum must be subject to a different
radial potential, as in eqns [6] and [7].
Why are wave function tails so important? Qualitatively, it is clear that they are the key ingredient for
the formation of chemical bonds with neighboring
atoms, and thus for accurate charge densities and
ground-state energies. By the Gauss theorem, if the
tails of the (normalized) pseudo-wave-functions depart from the true tails, then also the electrostatics of
the pseudo-atom will inevitably fail to reproduce the
true one. But the key observation was the finding that
an exact reproduction of the tails ensures transferability: if the tails are right for the isolated atom, then
even in a different chemical environment the pseudoatom will behave like the true one.
Let the original Hamann–Schlüter–Chiang recipe
be briefly recalled. First, one chooses a reference
electronic configuration (say, the isolated neutral atom) for which the pseudopotential is constructed.
For the true atom, the self-consistent radial equations, corresponding to eqn [1] with wnl ðrÞ ¼ r Rnl ðrÞ,
are
"
#
1 d2 lðl þ 1Þ Z
%
þ
% þ vscreen wnl ¼ enl wnl ½8'
2 dr2
2r2
r
where vscreen ðrÞ ¼ vH ½nv þ nc ' þ vxc ½nv þ nc ', and nv,
nc are the charge densities associated to the occupied
valence and core orbitals, respectively. One would
now want to construct a pseudo-atom which, instead, satisfies
"
#
1 d2 lðl þ 1Þ
ps;screened
ps
ps
þ
þ vl
½9'
%
wl ¼ e l wl
2 dr2
2r2
with el identical to the valence enl of eqn [8]. In eqn
[9], the principal quantum number n can be dropped
since the pseudo-atom has only valence states, and,
for each l, there is just one valence radial pseudowave-function. The presence of a different radial
for each l means that this conpotential vps;screened
l
struction allows for a nonlocal potential of the type
just discussed. Such a construction starts from the
end: one first defines the desired pseudo-wave-functions and then, by inverting the eqn [9], the pseudopotential.
In the first step, for each l, an optimal pseudo-wavefunction wps
l ðrÞ is constructed by exactly matching, at
an appropriate core radius rc, the (numerically available) tail of the corresponding true wave function
with some smooth, analytical, nodeless radial function
defined between r ¼ 0 and r ¼ rc , such that the resulting pseudo-wave-function is still correctly normalized to one. For each l, this implies by construction
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that the partial norm up to rc of the true and pseudowave-functions is identical,
Z rc
Z rc
ps
2
dr½wl ðrÞ' ¼
dr½wnl ðrÞ'2
½10'
0

0

since both radial orbitals are normalized to one.
Because of this property, the new generation of firstprinciples pseudopotentials was called norm-conserving. The norm conservation, eqn [10], not only
guarantees the correct electrostatics for the chosen
reference atom; its mathematics also ensures, as
shown in the original paper, that the scattering properties (hence the bonding properties) of the true and
pseudo-atoms closely follow each other over an
energy range of B20 eV around el ; this, as confirmed
by a wealth of subsequent applications, amounts to an
optimum transferability. Incidentally, the remarkable
consequences of eqn [10] shed new light on the links
between the pseudopotential method and other electronic-structure methods.
ps
In the second step, once such a good wl ðrÞ has
been built, eqn [9] may be inverted to yield the cor, the screened ionic pseudoporesponding vps;screened
l
tential appropriate to the angular momentum l. This
radial function is shown for l ¼ 0 (left) and l ¼ 1
(right) as a solid black line in the bottom panels of
Figure 2.
ps;screened
, in the third and final step, the bare
From vl
ps;bare
is extracted with a simple unionic potential vl
screening prescription.
ðrÞ ¼ vps;screened
ðrÞ % vH ½nps;v ' % vxc ½nps;v '
vps;bare
l
l

½11'

where nps,v is the pseudo-charge-density of the (just
constructed) valence orbitals appearing in eqn [9].
This bare ionic pseudopotential is the actual ingredient of all subsequent calculations; its pseudo-valenceelectrons will be allowed to self-consistently rearrange
and produce different screening effects in response to
different molecular and solid-state environments.

Pseudopotentials That Work
The Hamann–Schlüter–Chiang prescription proved
extremely successful for many elements of the periodic table: when these nonlocal pseudo-ions were fed
into the scheme based on plane-wave basis functions
proposed in the same years by Ihm, Zunger, and
Cohen, the structural energies predicted by their selfconsistent screening suddenly came out in excellent
agreement with experiments. Not only was the diamond structure finally obtained as the lowest-energy
crystal structure for silicon, but also its bulk modulus
and phonon frequencies, which involve higher
derivatives of the energy with respect to the atomic

positions, were very accurately reproduced from
first-principles, without the need of any adjustable
parameter. This suggested a fully reliable theoretical
framework, at least for materials where electron
correlations are not too strong and the current
approximations of the exchange-correlation density
functional are satisfactory for the corresponding fullcore systems. A second ‘‘pseudopotential gold rush’’
took place, this time aimed at the prediction of
unknown equilibrium geometries of surfaces, defects,
dislocations, and also at phonon spectra and at the
stability of new compounds.
An additional reason for this unprecedented success was a remarkable advantage of plane waves over
any set of localized basis functions which – like
atomic orbitals, gaussians, muffin-tin orbitals – are
attached to atoms and follow their positions. With
plane waves, which are independent of the atomic
positions in the crystalline unit cell, interatomic
forces have a particularly simple expression, related
to the Hellmann–Feynman theorem. Forces are thus
another almost automatic, accurate byproduct of a
density-functional self-consistent calculation based
on plane waves and pseudopotentials.
This advantage proved precious in the determination of equilibrium geometries of unknown low-symmetry structures (such as the 2 ( 1 reconstruction
of the silicon surface established in those years by
Kosal Pandey) or phonon force constants, as shown
by Martin and Kunc; but its vital importance became
apparent when Car and Parrinello, in 1985, invented
a method which combines molecular-dynamics simulations and the density-functional theory. This idea
opened to pseudopotentials a completely new field:
the real-time microscopic dynamics of the constituent atoms in covalent and metallic systems, or even
in the context of chemical reactions.
Other outstanding examples of the combined
power of plane waves and pseudopotentials are the
linear-response perturbation theory elaborated in
1987 by Baroni, Gianozzi, and Testa, which allows
the direct calculation of the full phonon dispersion
curves as well as the dielectric and piezoelectric tensors, and the Berry-phase approach to the spontaneous polarization of ferroelectric materials, developed
by Vanderbilt and Resta in 1993.
The improved predictive power of contemporary
exchange-correlation functionals, which are superior
to the original local density approximation, and also
some key developments of the original Hamann–
Schlüter–Chiang formulation, presented in the appendix, have made the first-principles pseudopotential
method a standard working tool for the investigation
of real materials and relatively complex molecular systems not only for theorists, but also for

Pseudopotential Method 439

experimentalists, both in the field of solid-state physics and chemistry. The corresponding computer
programs, which in 1980 used to be the privilege of
a few pioneering groups and would require largescale computational facilities, are today available in
the public domain and may be executed by an undergraduate student on a personal computer.

Appendix: Key Ingredients of
Contemporary Pseudopotentials
In the previous section, for the sake of clarity and
simplicity, norm-conserving pseudopotentials were
presented in their plain, original version. However,
the predictive power and computational feasibility
reached by contemporary first-principles pseudopotential methods, mentioned at the end of the previous
section, would never have been possible without a
number of significant improvements and innovations
over the original Hamann–Schlüter–Chiang scheme.
They are briefly reviewed in this last section.
Nonlinear Core Correction

Shortly after the discovery of norm-conserving pseudopotentials, Louie, Froyen, and Cohen observed that
the original unscreening procedure is the simplest, but
not always the best one. As a matter of fact, it implicitly assumes that, in the true atom (eqn [8]), the
screening potentials depend linearly on the electronic
charge density. If it were so, then there would be no
error when the screening potential due to the valence
charge nv alone, subtracted out at the atomic stage
(eqn [11]), is self-consistently added back to the bare
pseudopotential in the context of a different molecular
or solid-state situation. Unfortunately, such a linear
behavior exactly holds for the Hartree potential vH[n],
which, as evident from eqn [2], is a linear functional of
the charge density n(r) (i.e., vH ½nv þ nc ' ¼ vH ½nv 'þ
vH ½nc '), but, as already mentioned, does not hold for
the exchange-correlation functional vxc[n], which is a
strongly nonlinear functional of its argument.
Fortunately, core and valence charge densities are
often well separated, and thus scarcely overlapping,
and this nonlinearity may be safely disregarded:
whenever nv rapidly vanishes inside the core and
nc rapidly vanishes outside the core, then, apart
from a small overlap region, the approximation
vxc ½nv þ nc 'Cvxc ½nc ' þ vxc ½nv ', implicit in the unscreening procedure (eqn [11]), is a good one. This
is why the original, simple unscreening procedure
works well for many elements of the periodic table –
those with well-separated core and valence shells.
But quite a few elements of the periodic table do
not share the clearcut core-valence separation (both

in real space and in energy) of the examples shown in
Figures 1 and 2. When the underlying core is shallow,
as it happens in most alkali elements, or when two
different principal quantum numbers are present in
the valence shell (like d- or f-transition elements),
and also in a few other cases, the core-valence overlap may be remarkable, and the nonlinearity of vxc[n]
can seriously hinder the main virtue of norm-conserving pseudopotentials: their transferability. For
these atoms, such a desirable virtue is recovered by
an alternative unscreening prescription proposed by
Louie and co-workers:
ps;bare

vl

ps;screened

ðrÞ ¼ vl

ðrÞ % vH ½nps;v ' % vxc ½nps;v þ nc '

In this way, the core charge density nc(r) of the true
atom (or an appropriate model thereof) becomes an
ingredient of the pseudo-ion, and, although frozen in
the reference atomic state, must be carried along
and used in
with the bare-ion pseudopotential vps;bare
l
all subsequent molecular or solid-state calculations;
this is done by adding it back to the pseudo-valencecharge, of course, within the exchange-correlation
potential only. Such a nonlinear core correction restores the nonlinear character of the interaction between a valence electron and the ionic core, and
proved to be successful in all the problematic cases
mentioned above, for which it immediately became
the standard solution.
Relativistic Effects and Separable
Pseudopotentials

Two other important developments of modern firstprinciples pseudopotentials involve one of the fathers
of the pseudopotential theory, Leonard Kleinman.
One concerns the possibility of including in the
pseudopotential relativistic effects to order a2, where
aC1=137 is the fine-structure constant. Kleinman
showed that the Hamann–Schlüter–Chiang construction can be generalized to the relativistic case, and
that the resulting pseudopotential can be conveniently used to treat heavy atoms in a nonrelativistic
formalism. The reason for this is that relativistic effects on the valence electrons are limited to the core
region (only there the valence radial wave functions
of the true atom have wiggles, and thus a very high
kinetic energy), and can be lumped together with
other properties of the core to yield a Schrödingerlike pseudo-atom. This development opened the way
to the construction of norm-conserving pseudopotentials for the whole periodic table, from hydrogen
to plutonium.
The second development, due to Kleinman and
Bylander, amounts to an approximate transformation of the kernel K from its original semilocal form,
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given by eqn [7], into a fully nonlocal, but separable
kernel K̃ of the form
K̃ðr; r 0 Þ ¼

XX
lm

b

)
Ylm
ðr̂Þw)bl ðrÞwbl ðr0 ÞYlm ðr̂0 Þ

½12'

This brings no advantage to the transferability of the
pseudopotential, but there is a consistent computational advantage over the original semilocal form.
Indeed, the semilocal form requires, to be calculated
and stored in G-space, an Npw ( Npw matrix (if Npw
is the number of plane-wave basis functions), whereas a separable pseudopotential can be factorized as a
product of two Npw dimensional vectors. For this
reason, the Kleinman–Bylander form is now included
in all the computer programs dealing with pseudopotentials.
Ultrasoft Pseudopotentials for Hard Atoms

The success of pseudopotentials is largely related to
the fact that pseudo-wave-functions can be expanded
within a tractable number of plane waves. Not
surprisingly, pseudo-atoms with core radii rc imply a
plane-wave cutoff Gcut B2p=rc and thus, if the core
radius adopted in the pseudopotential construction is
too small (compared to typical interatomic distances), then the corresponding pseudopotential is too
hard, in the sense that the number of plane waves
required to describe its norm-conserving wave functions (eqn [10]) becomes unacceptably large. This
happens for the elements with one radially nodeless
orbital (2p, 3d, 4f) in the valence shell. For these
valence states, a norm-conserving pseudo-valenceorbital cannot be too different from the original true
orbital: near r ¼ 0, they both have to go like rlþ1 ;
beyond rc, they are identical by construction; between 0 and rc, they are both nodeless and, by eqn
[10], they must have the same partial norm. Under
these circumstances, it is easy to see that the pseudopotential resulting from the inversion of the
Schrödinger eqn [9] will inevitably have strong spatial variations in the small interval between 0 and rc,
and thus will be hard, requiring too many plane
waves in the corresponding wave functions, as it
happens, for example, in the case of the boron p
pseudopotential, shown in the bottom right panel of
Figure 2.

In order to obtain manageable pseudopotentials
for these atoms, Vanderbilt proposed a radical departure from the Hamann–Schlüter–Chiang procedure: a more complicated pseudopotential scheme
(based on generalized orthonormality conditions)
which, by releasing the condition of norm conservation, allowed the generation of a new family of very
smooth (ultrasoft), yet reliable and transferable pseudopotentials. In this scheme, the pseudo-wave-functions are allowed to be as soft as possible within the
core region, so that the plane-wave cutoff Gcut can be
reduced dramatically. The scheme works very well
even for the worst cases, the hard atoms mentioned
above: when applied to the study of compounds
involving transition metals and rare-earth atoms as
well as nitrides and oxides, the scheme has proved
accurate and reliable, and has been adopted and implemented by many groups, in spite of its greater
conceptual and numerical complexity.
See also: Crystal Structure; Density-Functional Theory;
Electronic Structure (Theory): Atoms; Electronic
Structure Calculations: Plane-Wave Methods; Electronic
Structure Calculations: Scattering Methods; Hartree and
Hartree–Fock Methods in Electronic Structure; Molecular
Dynamics Calculations; Periodicity and Lattices.

PACS: 71.15. % m; 71.15.Ap; 71.15.Dx; 71.15.Mb;
71.15.Nc; 71.15.Pd; 71.15.Rf
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Bachelet GB, Hamann DR, and Schlüter M (1982) Pseudopotentials that work: from hydrogen to plutonium. Physical Review B
26: 4199.
Baroni S, Dal Corso A, de Gironcoli S, and Giannozzi P (2001)
Phonons and related crystal properties from density-functional
perturbation theory. Review Modern Physics 73: 515.
Bassani F and Pastori Parravicini G (1974) Electronic State and
Optical Transitions in Solids. New York: Pergamon.
Cohen ML, Heine V, and Weaire D (1970). In: Ehrenreich H, Seitz
F, and Turnbull D (eds.), Solid State Physics, vol. 24. New York:
Academic Press.
Payne MC, Teter MP, Allan DC, Arias TA, and Joannopoulos JD
(1992) Iterative minimization techniques for ab-initio total
energy calculations: molecular dynamics and conjugate gradients. Review Modern Physics 64: 1045.
Singh D (1994) Plane Waves, Pseudopotentials, and the LAPW
Method. Boston: Kluwer.

