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We present a detailed description of a model calculation based on the Green function 

formalism for the electron-core-hole interaction at solid surfaces. It includes bulk and surface 

states and allows an exact solution for the contact exciton problem. Binding energies, oscillator 

strengths, wavefunctions and the absorption coefficient are evaluated with no approximations for 

different surface orientations of a simple cubic lattice. A large enhancement of the exciton binding 
energy is obtained in some situations, while in others binding is suppressed altogether in the first 

few planes, and a “dead layer” results. The simple and exact model gives an insight into a broad 

variety of physical situations and experimental results. 

1. In~~uction 

Important excitonic effects have recently been identified by the surface 
spectroscopy of semiconductors and insulators cleaved in UHV. 

Yield spectroscopy (YS) results at the (110) surface of III-V [l-3] and 
II-VI [4] compounds, and energy loss measurements at the 7 x 7 reconstructed 
(111) surface of Si [5] show large final state interactions for the excited 
electron, and even optical transitions between surface bands in the fundamen- 
tal gap region of semiconductors [6] may be interpreted in terms of surface 
excitons [73. Yield spectroscopy in the Na 2p core region in NaCl thin films [8] 
and optical experiments in solid rare gases thin films [9] also show excitation 
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energies lower than the bulk ones, such levels disappea~ng when thickness is 
increased or the quality of the surface is altered. All these experiments indicate 
larger exciton binding energies than in the bulk [lo] (up to two orders of 
magnitude in semiconductors). The most convincing proof of such enhance- 

ment is found in the case of (110) surfaces of III-V compounds, which, except 
GaP, show no surface states inside the gap, as obtained by contact potential 

difference measurements [3] and band bending analysis [2]; so that the 
appearance in YS [2,3] of final states inside the gap, disappearing upon surface 

oxidation, gives evidence of surface excitons, whose binding energies can thus 
be assigned a lower bound. In this direction the evidence of large binding 

eergies grows up along with the experimental progress. For example the 
analysis of new experimental data recently allowed to assign a binding energy 
of 1.8 eV for the Ga 3d surface exciton Ill]. On the other hand, surface 
excitons less bound than bulk excitons have been observed on the (001) face 
of crystalline anthracene [ 121 and in tetracene [ 131. 

Theoretical investigations have been less numerous, and limited in their 
scope by severe assumptions. The model calculations which have been done 
before this work follow two different concepts of “surface exciton”, and both 
of them cover a limited field of physical situations. Del Sole and Tosatti [14] 
proposed to build up surface excitons with surface states only, thus neglecting 
possible contributions of bulk states, and found very large binding energies, in 
qualitative agreement with experimental data for UHV cleaved surfaces. They 

should, as proposed by the authors, be called “surface state excitons”. Other 
investigators [ 15,161, however, described surface excitons as a superposition of 

bulk states only, the only effect of the surface being to prevent electrons from 
getting out of the crystal. This description, which actually concerns “surface- 
perturbed excitons”, does not take into account surface states at all, and gives 
rise to binding energies which are smaller than in the bulk; it applies to the 
measurements of bulk exciton reflectivity on air cleaved surfaces, where only a 
small density of surface states can be expected to be inside or near the gap. 
Finally, we mention that calculations [ 171 of surface excitons in rare gas solids 
have been performed by an extension of the bulk exciton model for weakly 

bound molecular crystals [I 81. 
Since the complete set of eigenvectors of the truncated-crystal ~amiltonian 

includes bulk and surface states, it is clear, however, that excitons are in 
general a superposition of bulk and surface states, and vanishing of either 
contribution should occur under special circumstances only. In view of a 
growing experimental interest on surface excitons and of the lack of systematic 
theoretical investigation, the purpose of this work is to discuss in detail the 
exact solution of a model [19] which contains the essential physics of the 
problem. The model, consisting of a simple cubic lattice with point contact 
interaction between electron and hole, is characterized by few parameters, 
whose variations can encompass a broad range of physical situations, while 



binding energies, osciliator strengths, wave functions, etc., can be evaluated 

exactly. It will be shown that a strong mixing of bulk and surface states via the 
hole potential occurs near the surface in most cases, and that the exciton 
spectrum is strongly affected by the presence and nature of empty surface 
states [Xl]. A large enhancement of the binding energy near the surface is 
obtained in some situations, while in others binding is suppressed altogether in 
the first few planes and a “dead layer” results. The boundary condition of 
vanishing exciton wave functions at the surface, often used in the framework of 
the effective mass approximation, is shown to be valid only when surface states 
or resonances are far enough beyond the conduction band edge as not to give 
appreciable contribution to its amplitude. 

The most serious approx~ation involved in such a model is to neglect the 
Coutomb tail of the electron-hole interaction and to represent it as a point 

contact potential. This is justified only when the exciton binding energy is 
expected to be largely determined by the strength of the central cell potential. 
In spite of the fact that this condition is not always met by localized states in 

semiconductors~ the (Slater-Koster) approximation has been recently adopted 
in a number of papers dealing with chemical trends of core excitons and deep 
defects [21-241. While its validity remains questionable for quantitative predic- 
tions, this approximation perfectly fits the purpose of our model calculation 
aimed at the qualitative understanding of core excitons near the surface. The 
extension of this method to the study of realistic systems is quite straight-for- 
ward, and would require abandoning the simple geometry and the model 
hamiltonian adopted here for both the perfect crystal and the hole potential. 
The model as it stands is already capable of giving insight in the essential 
physics of the problem of surface excitons in semiconductors; the point contact 
interaction is per se suitable for surface excitons of the Frenkel type in the 

organic solids [ 12,131, where it gives the surface shift of the mechanical infinite 
mass exciton. Ueba and Ichimura [25] and PhiIpott and Sherman [26] have 

calculated other aspects (exciton transfer and polaritonic effects respectively) 
of these particular systems. 

In section 2 we describe the model, and give a formula for computing bound 
state energies. In section 3 we study the dielectric susceptibility and the 
absorption coefficient as functions of the distance from the surface. 

Section 4 is devoted to the study of the (001) surface of the simple cubic 
lattice: we compute exciton energies, wave-functions and the absorption coeffi- 
cient in the energy range of band-to-band transitions, including excitonic 
effects. The results are shown in section 5. In section 6 we study the (1 I l} 
surface, limiting ourselves to exciton energies, since more complex calculations 
are needed than in the case of the (001) surface. The results of this paper are 
summarized in section 7. Readers not specifically interested in the theoretical 
details of this model can safely neglect sections 3, 4, 6.1 and 6.2. 
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2. Description of the model 

The model [ 191 is obtained by merging the nearest-neighbor LCAO semi-in- 
finite crystal, derived from Goodwin’s model [27] and more recently adopted 
by Kalkstein and Soven [28], with the contact electron-hole potential, previ- 
ously considered in theoretical investigations of bulk optical properties [29]. 
We indicate by ]n) an unoccupied, non-degenerate atomic-like orbital at site 

n = (nxr ny, n,) of a set-infinite simple cubic lattice. The atomic orbitals of 
different sites are othogonal and normalized. 

2.1. One-electron ~~~~~toni~n 

In this basis the Hamiltonian describing the conduction band has the 
following elements: 

(4%ln) = a (n not on the surface plane) 

(II’ 

w%i~,== P 

(n on the surface plane), (14 

( n , n’ nearest neighbors) 

= 0 (otherwise). (lb) 

The wavefunction is then: 

+,,,,&) =Cexp(i%4 cV+J I +. (2) 
n 

Since the periodicity is conserved in the surface plane, each wavefunction is 
characterized by its energy E and by a 2D surface wavector k,,, according to 

the Bloch theorem. 
The surface potential is described by the parameter 

z=(a-a’>/& (3) 

The Schrodinger equation can be solved exactly for this model. After choosing 
the origin and the units of the energy scale so that cy = 0 and /I = 1, the energy 

eigenvalues are: 
(a) Bulk bands depending, as in the infinite crystal, on the 3D wavevector k: 

Ei = 2(cos k, + cos k, + cos k,) whose range is - 6 < E < 6. 
(b) Surface bands whose form and energy position depends on the particular 
choice of the cleavage plane. We shall consider here the (001) and (ill} 
surfaces. For the (001) surface, if z > 1 a surface band with one state per 
surface atom develops near the bottom of the bulk band. For 0 < z < 1, 
however, the local density of states in the first few layers shows a marked 
distortion towards the low energy region as z grows from 0 to 1. For the (111) 
surface, true surface states exist for all t > 0; for 0 < z < 3, however, their 
energy lies above the bulk band minimum, and only for z > 3 the surface band 
extends into the energy gap (see figs. 1 and 2). 
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(001 > 

Fig. 1. Surface Brillouin zone (left) and projected band/structure (right) for the (001) surface of 
the simple cubic lattice for various values of the surface potential parameter z with V, = 4.2. 
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Fig. 2. Same as fig. 1 for the (111) surface. 
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2.2. Electron-hole interaction 

The effect of a core hole on site no is described by adding the point contact 
interaction term, 

(V+r’) = - VA&~“~,~ (4) 

to the Hamiltonian, eq. (1). This means that the excited electron interacts with 
the hole only when it is on the same site. Thus the excited atom appears as a 
Slater-Koster [30] impurity to the electron, and the problem is similar to that 
considered by Iadonisi and Preziosi [31]. For an infinite solid (z = 0, and 

- 00 < n,, nY, n, < co), eqs. (1) and (4) result in a bound state whenever 
V, > Vt,,, a threshold value which in our units is about 3.95. The Hamiltonian 
Ho + H’ depends on three parameters: (i) z, the surface “potential”; (ii) V,, the 
strength of the contact interaction; (iii) n,, , the layer on which the core hole is 
located. 

2.3. Exciton states: general methods 

We have obtained the spectrum of this model Hamiltonian by the Green 

function formalism [28-301. The exciton wavefunction is built up as a super- 
position of bulk (I/.$) and surface (+a,,) states, whose weights are to be 
determined. 

The exciton Schrodinger equation 

(HO + H’) Q(r) = E Q(r), (6) 

can be solved simply and exactly. Combining eq. (5) and eq. (6) and using the 
local properties eq. (4) of the Slater-Koster potential, we find: 

where b and s label bulk and surface states respectively. Multiplying by 
~~.~(rr~) and summing over all states we obtain the bound state eigenvalue, 
given by the equation 

g,(E) +gt,(E) = &‘, (8) 

where 

(9) 
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The calculation of eq. (8) can be reduced to a single quadrature of elliptic 
functions [32,33], which is easily performed numerically, as shown in sections 4 

and 6. 

2.4. Exciton states: two theorems 

Theorem (i): If surface states exist in the energy gap, there is always an 
exciton bound state below the bottom of the surface band, even if the 
Slater-Koster core hole potential is not strong enough to bind a bulk exciton 
(V, < V,,) and wherever the hole is located. 

This theorem follows from the presence of the surface state Green function 
g,(E) in eq. (8), which diverges logarithmically to + cc) as E approaches from 
below the surface band bottom. So eq. (8) has always one solution, no matter 
how small is V,. This occurs even if the hole is far away from the surface: in 
this case lc&(no)12 is very small, but not zero, and is multiplied by the 
diverging surface band Green function; a surface exciton results, with energy 

just close to surface band bottom. Physical intuition suggests that such 
excitons, induced by surface states, must loose their physical meaning when the 

hole is deep in the bulk. This is the case indeed, as we are going to show. Let us 
assume a simple exponential decay of surface states, namely 

cX,,(n,> = exp(i$ .Q> exp(-k,n,,), (11) 

and choose the zero of energy at the surface band bottom. The leading term in 
eq. (8) near E = 0, is the surface band Green function; we get 

C exp( -2k,n,,) lnJEl= - Vi’, (12) 

where C can be known from the density of surface states. The exciton binding 
energy is 

E,, = -exp[ -exp(2k,n,,)/CV,], 

i.e. the bound state is indistinguishable from the surface band bottom E = 0 

unless n,, is very small. Also its oscillator strength is negligible in this case, 
being proportional to 

iCk,,(n0,)12 = exd-2k,n0,). 

Theorem (ii): For I = 0, the energy of bound states cannot lie below the 
bulk value. This theorem is readily proven by observing that, for z = 0, the 
expectation value of He + H’ in any state of the semi-infinite crystal En, ~ ,a,,ln) 
is equal to the expectation value of H, + H’ for the infinite crystal ( - co < n, 
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< co) in the state C,abln), where 

a: = a, if n,> 1, 

a: = 0 if n,< 1. 

This expectation value is larger or at most equal to the minimum of (@[Ho + 
H’I+) over all states (p of the infinite crystal, which, by the variational 
principle, is the energy of the bulk exciton. 

2.5. Exciton wavefunctions 

We have calculated the charge density per layer, as a function of n, and 
n,, for the (001) case. Since the wavefunctions can be also written as 

4)l n>, (13) 

identified by comparison with (S), the charge 

” n 

where a,!, and ai are easily 
density per layer is given by 

p(n,> = Cld + ail', 
“II 

where a,b, ai and thus p(n,) depend parametrically on n,, , the layer where 

(14) 

the hole sits. The calculation of p(nl) reduces to a single quadrature of elliptic 
functions, which is easily performed numerically. 

We also computed the probability of finding the electron at the hole site, 
which is proportional, as will be clear from next section, to the oscillator 
strength. This probability is given by: 

14%)12 = lc43kbb0) +cqqhJ)12. (15) 
k k,l 

The right hand side can be obtained by imposing the normalization condition 
on the wavefunction $J~,” given by eq. (7). We find: 

(16) 

Another quantity of interest is the surface weight in the exciton wavefunc- 
tion. We define it as: 

(17) 
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because the denominator in eq. (17) is equal to unity by normalization. Using 

eq. (7), we get: 

42 = vo2 14no)12 c lci,,tno>12 

4 (q - q2 ’ 
and, using eq. (g), 

Q,(E) 
dE 

+ 

(18) 

.I 
-1 

(19) 
E-E,, 

We use eqs. (16) and (19) in the computation of oscillator strength and surface 
weight. 

3. Dielectric function 

We want to investigate the effect of the Slater-Koster interaction not only 
in generating exciton bound states, but also on the continuum of empty states 
in the conduction band. We could compute the local density of states, as 
modified by the electron-hole interaction, but we prefer to compute a directly 
observable quantity, the layer-dependent absorption coefficient. We start com- 
puting the dielectric susceptibility of our model crystal, which results to be 
local, due to the extreme localization of valence band wavefunctions. The 
absorption coefficient is proportional to its imaginary part. 

The cell-averaged dielectric susceptibility tensor, in the presence of excitons, 
is given by ]34,35] 

where wP is the plasma frequency, k labels the excited states of the crystal 
whose excitation energy is ok, and Jk (a) is the celi-averaged current-operator 
matrix element in the direction of the Iight polarization: 

Jkfn) =jj~~r,~d3r (O~J(~)~~), w 

Jz being the unit cell volume. 
The excited state k, characterized by the hole position no and by the exciton 

internal quantum number p, can be expanded, according to eq. (13), as a linear 
combination of single-particle states (n,u; k), the latter meaning that the 
core-hole is at the site rtO and the electron in the conduction band Wannier 
function at the site I: 

I k) = I B,P) =&fbod I nou; 1~). 

f 
(22) 



(23) 

In deriving eq. (23) we assumed zero overlap between valence orbitals on 
different sites. We assume that also conduction band Wannier functions are 
quite localized, so that overlap between ICY) and neighboring valence functions 
lun,) are negligible. In this case only the term f = n,, contributes to the sum in 

eq. (23), and we get: 

f,“i*tn> = %?I”; %&%EL) PtiC? (24) 

where 

P,C = (%+A An&)* (25) 

p,, is assumed, for the sake of simplicity, to be not affected by the surface. 
Finally we get the local dielectric function, 

The meaning of this formula is that, in order to compute the dielectric 
function at the layer no1 it is sufficient to know exciton bound states and 

resonances induced by the core-hole in the same layer n,, . The exciton 
oscillator strength is proportional to the probability of finding the electron on 
the hole site. 

We are interested in the imaginary part of ~(0, noL). Only the second term 
in square brackets contributes to this, for positive frequencies: 

where 

(27) 

is the electron Green function computed when the hole is at n,. 
The Green function can be easily computed in the case of Slater-Koster 

interaction, from the Dyson equation 

G,,,(M) = G,( n,n’)- c G,(n,n”) (n”lV(n”‘) G&“‘,n’), (29) 
R’),n “’ 
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where G,(n,n’) is the Green function in the absence of the electron-hole 

interaction. Owing to the properties of the Slater-Koster interaction, the 
Dyson equation is easily solved for G,Jno. no): 

Then the layer-dependent absorption coefficient is proportional to: 

where the conduction band Green function 

(32) 

can be computed from one-electron bulk and surface wavefunctions. Bound 
exciton states correspond to the zeros of the denominator in eq. (31), which is 
equivalent to eqs. (8)-( 10). Only the real part of the Green function is needed 

for computing bound states, while both the real and the imaginary part are 
necessary for computing the absorption coefficient, according to eqs. (31) and 

(321. 
In sections 4 and 6 we will compute GO(nO, no) for (001) and (111) 

surfaces, and we will extract from them information about bound state 
energies, oscillator strength and the absorption coefficient. However, a re- 
markable feature of surface state excitons can be discussed generally from eq. 
(31). The surface state (2D) Green function has logarithmic singularities [37] at 
minima and at maxima of the surface band, where its real part diverges, and at 
saddle points, where its imaginary part diverges. In these cases C” given by eq. 
(31) is zero, as expected at band extremes, and this effect results in a rounding 
off of step-like edges; but, also, the logarithmic singularity of Im G, at 2D 
saddle points is reversed. Let us consider in detail this point. In proximity of 
the saddle point energy, E,, we can expand eq. (31) to first order in l/&G,, 
and neglect the real part of G, with respect to the imaginary part, obtaining 

z”(~,n,,~) a vG2[Irn G,(n,n,)]-‘. (33) 

Near the saddle point, 

Im G,(n,n,) = A -B ln]E - E,], (34) 

where A and B are positive constants, and we get a “reversed” logarithmic 
singularity, because of electron-hole interaction: 

c”(w,nol) a (A -B ln]E - ,??,I)-‘. (35) 

This point recalls that of the paramo~~sm of Van Hove singularities, in 
the case of 3D solids with Slater-Koster electron-hole interaction [38]. How- 
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ever the presence of surface states strongly enhances such paramorphism, since 
the singularity is always reversed, even for very small V, (see fig. 3). In practice 
broadening makes it difficult to see such reversed singularities in real spectra, 
the main effect remaining the reduction of the original 2D M, singularity [37]. 

Since the probability of creating an exciton of energy t2w on the noi th layer 
is proportions to P(w, n,,), the surface retribution to light absorption is 

proportional to 

AC”(U) = c [P(w,Iz~~) -E”(u, bulk)]. (36) 
n0, 

This quantity can be measured adding together surface contributions to 
transmission and reflectivity. It is also proportional to surface induced changes 
of both internal and external reflectivities in the energy range where the bulk is 

poorly absorbing [39,40]. 
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Fig. 3. Oscillator strength (arbitrary units) as a function of energy, in the continuum region. Solid 
line: with inclusion of the electron-hole interaction. Dashed line: without electron-hole interac- 

tion. The vertical line denotes the position of the bound state, and the fraction of total oscillator 
strength it contains is indicated near it. The bottom of the bulk band is at - 6, of the surface band 
at -6.11. 
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4. Excitons at (001) surface: method of calculation 

We are going to study excitons at the (001) surface of our model insulator. 
First we recall surface and bulk wavefunctions, and from them we then 
compute the Green function GO(no, no). This allows us to calculate the exciton 
binding energies eq. (8) the oscillator strengths eq. (16), the surface weight eq. 
(19), and the absorption coefficient in the energy range of band-to-band 
transitions, eq. (31). We compute also in this section charge density per layer 
for (001) surface excitons, according to eq. (14). 

4.1. Single-particle wavefunctions 

The Schriidinger equation for electrons in the conduction band of our 
model single cubic lattice, can be written, on the basis of conduction band 
Warmier functions, according to eq. (2), as: 

EC,= r: c,,, n E bulk, (37a) 
(n,n’) 

(E-z)c,= c CT,,, nEsurface. (37b) 
(n.n’> 

In eq. (37), (n, n’} indicates that II and .’ are nearest neighbors. The sum 
(37b) for n E surface is written out separately to remind us of the fact that in 
this case (surface plane) one of the six nearest neighbors is missing and 
therefore the term ni = 0 is not included in the sum. The energy scale is 
adjusted so that /3 =L 1 and (Y = 0. We consider a set-infinite geometry, i.e. a 
slab of N layers, with rigid wall boundary conditions at ip, = N, namely 

c,=O if n, = N, 

where N will eventually tend to infinity. The solutions are [27]: 
(i) Bulk states 

c:(n)= [N,,‘%(/c,)l-“2 exp(ik,,*n) (-- 1)“’ 

x sin k,nz + 2 sin k,(n= - 1) 

(l+zZ+2zcosk,)‘~2 ’ 

where N,, is the number of cells in a (001) layer, and the normalization 
coefficient is given by: 

1 f z cos k, 

1 + z2 f 2t cos k, i 
(40) 

The bulk state energy is 

Eb(k) = 2(cos k, + cos k, -f- cos k,). (41) 
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(ii) Surface states: Surface states exist only if z > 1. Their wavefunction is: 

c;,,(n)=N,1”2exp(ik,,.n) (-1)“‘(2sinhk~)“2exp[-k~(n,-~)], (42) 

where 

kz = In z. (43) 

The energy of the surface states is: 

E”( k,,) = 2(cos k, + cos k, - cash k;), (44) 

with minimum at - 4 - z - z- ‘, a saddle point at -z - z- ‘, and maximum at 
4-z-z-’ (fig. 1). 

4.2. Single-particle Green function 

In this subsection we compute the Green function 

G,(+,,n,) = Gb(E,n,) + G’(E,n,), (45) 

according to eq. (32). We consider first the bulk state contribution gb( E, no), 
using the wavefunctions shown in the previous subsection, and find: 

gb(nozjE) =$~Tdk,~vdk.,~vdk2 [sin kznO, + z sin k,(no, - I)]’ 

1 + z2 + 2z cos kl 

X[-E+2(cosk,+cosk,.+cosk,)-ie]-‘. (46) 

We compute the real and imaginary part of gb(noz, E) by first integrating over 
k, and k.,, according to ref. [32], to obtain the 2D Green function of argument 
(E - 2 cos k,), and then integrating numerically over kZ. The surface state 
contribution can be computed similarly, but more simply because there is no 
k, integration, and is just the 2D Green function of ref. [32] with argument 

(E + 2 cash k;). 

From the Green function bound state energies, oscillator strengths, surface 
weights, and continuous absorption coefficient are computed. The results are 
shown in section 6. 

4.3. Exciton wavefunctions: charge density per layer 

The charge density per layer is calculated as a function of nz and n,,, 
according to eq. (14). Use of eqs. (7) and (39)-(44) yields: 

p(n,,n,, ) = pb + ps + pbs, (47) 

where 

pb(no,) =Cla,b12, p”(n0,) = ClasII*~ pbs(nol> = 2Ca%. 
“II “11 “II 
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By some manipulations and long and tedious calculations, the correspond- 
ing integrals can be reduced to line integrals in the (k,, k,,) plane, with 
integrands again involving complete elliptic integrals of the first kind. This 
final integration can be easily performed numerically. The results are discussed 
in the next section. 

5. Exeitons at (001) surface: results 

In our scheme the physics of the exciton-surface interaction is described by 
three parameters: z, a measure of the surface potential, V,, the point contact 

Slater-Koster potential, and n,, , the distance of the (fixed) hole from the 
surface. First we look at the obtained exciton energies, in units of the first 
nearest neighbor interaction, ,8. Typical values of j3 in semiconductors are of 

the order of 1 eV [41] corresponding in our model to a conduction band width 
of 12 eV, that is also a typical bandwidth [41,42]. So our energy can be 
regarded, roughly speaking, as if it were measured in eV. 

Bulk exciton bound states are present only for V, > 3.94. The presence of an 
attractive surface layer (z > 0), however, strongly favors the formation of the 
bound exciton states. Theorem (i) already states that, if surface states are 
present (z > 1 at (001) surface), an exciton bound state always exists. How- 
ever, even in the case that neither bulk excitons nor surface states are allowed, 
but the surface is attractive and surface resonances are present, surface 
excitons may occur, because of the combined action of the attractive potentials 
due to the hole and to the surface. For instance, in the case V0 = 3.9 and 
z = 0.9, we get exciton bound states at E = - 6.23 on the first, and E = - 6.01 
on the second layer (the conduction band bottom is at -6). 

Now we consider the case V, = 4.2 corresponding to a bulk exciton energy 
of -6.033. The binding energy, 0.033 (roughly speaking - 30 meV for what 

has been said before) is representative of shallow excitons in semiconductors, 
iike, for instance, in CdS, where the binding energy is 28 meV [43]. Fig. 4 
shows exciton energies for a number of z values lower than 1, namely in the 
absence of surface states. For z = 0, excitons do not exist on the first two 
layers, and then they arise with a very small binding energy and tend to the 
bulk binding energy as n,, increases. The situation corresponds to the “dead- 
layer” concept, the latter including not only layers 1 and 2, where excitons do 
not exist, but also the subsequent layers, n,, -< 7, where the exciton binding 
energy is smaller than in the bulk [44]. At larger z values, z = 0.5 in fig. 4, the 
exciton energy is not a monotonic function of no,, and the exciton at n,, = 1 
has a binding energy twice as big as the one of bulk excitons. The “dead-layer” 
behavior holds for n,, 2 1. We refer to this situation as “dead-layer plus 
surface exciton”. At higher z values, z = 0.9 in fig. 4, the binding energy 
increases as excitons approach the surface; the exciton on the first layer is 
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123456789 

no2 

Fig. 4. Binding energy, with respect to the bottom of the bulk band located at (E = -6) of 

excitons for values of the surface parameter 0 =C z < 1 and hole positions near the (001) surface 

with V0 = 4.2. 

strongly bound, about 20 times more than the bulk exciton. We call this 
situation the “accumulation layer” of excitons at the surface. 

The charge density per layer is shown in fig. 5. Let us consider first fig. 5a. 
We see at once that for z = 0 the charge density is practically vanishing on the 
surface layer. Such a result is in agreement with the boundary condition 
imposed on the excitonic wavefunction by a number of authors [ 15,43,45-471 
in the framework of the effective mass approximation. This boundary condi- 
tion was derived from the image potential [ 133, and also from the very 
condition that electrons (and holes) at the bottom of the conduction band (top 
of valence band) cannot escape from the crystal, because of the high surface 
potential barrier [48]. The approach of this paper leads to the conclusion that 
only for a perfect crystal termination (i.e. z = 0) the wavefunction of the 
exciton is expected to be zero at the surface. In fact figs. 5b and 5c show that, 
as soon as z > 0, the charge density on the first layer does not vanish even if 
surface states are not yet allowed and only surface resonances are present. 
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Fig. 5. Charge density per layer for various hole positions, various z values, and VO = 4.2. 

Coming back to z = 0 wavefunctions, we notice that they are asymmetric 
with respect to the hole layer. The distortion of the wavefunction is generated 
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by the request that it should vanish at the surface, and results in increased 
localization on the hole layer, and also on the hole site. However the crystal 
termination increases the kinetic energy, and a smaller binding energy results. 
For z = 0.5 and z = 0.9, excitons on the first few layers have nonvanishing 

charge densities on the surface layer, which tends to increase the binding 

energy, since the surface layer is attractive, in contrast to the aforementioned 
increase of kinetic energy. The binding energy is very sensitive to the details of 
wavefunction on the first layer. Consider for instance the excitons naZ = 5 for 
z = 0.5 and z = 0.9. The energy difference (as large as 20% of the bulk energy) 
is almost completely due to the small difference in the charge density on the 
first layer. The reason for this is the very large number of attractive centers 
that large radius excitons meet at the surface. 

Fig. 6 is analogous to fig. 4, but for a different choice of the hole potential 
V, = 4.5. This value leads to a binding energy of 0.14 for the bulk exciton, and 
to a smaller exciton radius than in the previous case. The same behavior as in 

the case of V, = 4.2 is present, but this time the competing effect of the surface 
and the hole has a different balance due to the presence of a stronger hole 
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Fig. 6. Binding energy of excitons near the (001) surface for V, = 4.5 and various z values. 
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potential. This results in a shorter range of the surface effects on excitons with 

respect to the previous case, and shows their dependence on the exciton radius. 
The behavior of excitons approaching the surface when surface states are 

present is shown in figs. 7 and 8 (binding energy) and 9a and 9b (charge 
density), for the case V, = 4.5. In the case z = 1.2 (fig. 7) the bulk exciton is 

lower in energy than the bottom of the surface band, and the same behavior 
(accumulation layer) of z = 0.9 is observed. The presence of surface states does 
not affect qualitatively the exciton energies with respect to the previous case 
z = 0.9, where strong surface resonances were present. Strongly bound excitons 
are localized on the first two layers, with large oscillator strength, while 
excitons on other layers are nearly degenerate with bulk excitons. 

The weight of surface states is not a monotonic function of n,,; this can be 
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Fig, 7. Bottom: exciton energy as a function of distance from a (001) surface for V0 = 4.5, z = 1.2. 
Top: weight of surface states (empty circles) and oscillator strength (full circles). 
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Fig. 8. Same as fig. 7 for z = 1.5. Notice that for this z the bottom of the surface band lies below 

the bulk exciton level. 

better understood looking at fig. 9a. The charge density per layer clearly shows 
a component decreasing with the amplitude of surface states as nor increases; 
this corresponds to the amount of surface states present in the exciton 
wavefunction, and increases as the hole moves from n,, = 9 to n,, = 2. This 
occurs because the presence of surface states in the exciton wavefunction 
increases the electron localization on the first layer, and thus the binding 
energy; a decrease of localization and oscillator strength on the hole layer 

correspondingly occurs (see fig. 7). For nOZ = 1 the mixing with surface states is 

smaller, because localization on the first layer can be better achieved via bulk 
states, the surface states having a fixed decay length of about 5 layers for 
z = 1.2. In the other cases, n,, 2 2, bulk states are not available for surface 

localization, since their coefficients are mainly determined by the condition of 
maximum localization on the hole site. 
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Fig. 9. Charge density per layer for various hole positions, L > 1 values, and VO = 4.5. 

In the case of V, = 4.5 and z = 1.5, bulk excitons are degenerate with surface 
states. Therefore, approaching the surface, they merge into them and become 
broader and broader. Surface excitons are on the first few layers very strongly 
bound on the first layer, and with a decreasing binding energy as n,, increases, 
according to the discussion of theorem (i). 

This behavior is illustrated by the oscillator strength plot of fig. 3. For 

n0z = 3 the strong resonance near the bottom of surface band is still very 
sharp, but has completely disappeared into a broad hump at n,, = 1. Notice 
also how the electron-hole interaction suppresses the logarithmic singularity of 
the 2D saddle point at - 2.167. 

This situation is similar in some respects to that of z = 0.5 and V, = 4.2 or 
4.5: there is in both cases a dead layer due in the latter case to degeneracy of 
the bulk excitons with surface states, in the former to the surface barrier 
repulsion. The surface weight in fig. 8 shows also in this case a nonmonotonic 
behavior, that is due, as in fig. 7, to the competing effects of surface and hole 
localization at lower exciton energy. As n,, increases, the weight of the surface 
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states in the exciton wavefunction tends to I, in contrast to fig. 7, because the 

energy of the surface exciton tends to the bottom of the surface band, 
according to theorem (i). This fact is also clear from fig. 9b, showing how 
localization on the hole plane decreases as n,, increases, being very small 
already at izoC = 6. The same is true for the oscillator strength. 

It can be noticed also from figs. 9a and 9b that whenever surface states are 
present, excitons have a quite asymmetric charge distribution around the hole 
plane, and that the surface weight in exciton wavefunction, even for noZ = 1, is 
appreciably smaller than 1, typically 60% or 70%. 

Let us consider now the case of strongly bound excitons, as those encoun- 
tered in organic solids 112,131. The value V, = 5.5 leads to a bulk exciton with 
E, = 0.73, where we remind the reader that our energy unit is always our 
“resonance” integral /3. The oscihator strength is 0.7, so that this exciton is 

approximately of the Frenkel type. In the presence of the surface, major 
changes of E, are limited to the first layer. For z -C 0.2 (low density of weak 

surface resonances at the conduction band edge), we find surface excitons less 
bound than bulk excitons, as observed in anthracene [ 121 and tetracene [ 131. In 
this range the truncation of the crystal overcomes the presence of surface 
states. For z > 0.2 surface excitons are more bound than bulk excitons, as 

COO?> 

noz=l 

-6 

Fig. 10. Exciton energy versus L for a hole on the (001) surface plane and various values of V,. 



M. Altarelli et al. / Electron - core-hole interactions 469 

v, = 4.5 

Vo= 4.2 

v, = 3.9 

aor> 
“oz=’ 

OO 1 1 I I I I 1 

1 2 3 

2 

Fig. 11. Oscillator strength of the states shown in fig. 10. The corresponding values for the infinite 

crystal are shown for V, > 3.95. 

observed in rare gas solids [9]. Here the admixture of surface states into the 
exciton wavefunction overcomes the effect of the crystal termination and 
enhances the binding energy. The energies of excitons on the first layer are 
plotted in fig. 10. They share a linear dependence on z, with a coefficient very 
close to - 1. This could suggest that the electron charge density is completely 
localized on the first layer. This however is not the case, because the integrated 
charge density on the first layer goes from 0.8 to 0.9. So one would expect an 
angular coefficient between - 0.8 and - 0.9, rather than - 1. However, also 
the oscillator strength increases with z (see fig. 11). So that, when z increases 
from I, to z2, the exciton energy is lowered by an amount of about 0.8 or 0.9 
times (z2 - z,), plus V0 times the increase of la(no)12. The result is a lowering 



of the exciton energy very close to .z* - zi. The same behavior is observed also 

for smaller Y0 values, when z is large enough, because of a compensation of 
smaller localization on the first layer and larger increase of oscillator strength 
(see fig. 11). 

This model does not include the possibility of exciton center-of-mass 
motion. When such a possibility is included, the exciton transfer term has to be 
compared to the exciton energy shift at the surface [25,49]. This effect, 
regardless of the presence or absence of surface states, has been invoked to 
explain the anisotropic behavior of excitons in anthracene [ 121. 

Oscillator strengths of excitons on the first layer are shown in fig. 1 I. They 
increase with I and are always larger than those of the bulk excitons, even in 
the case z = 0, V, = 5.5, when the binding energy is lower than in the bulk. So a 
general characteristic of surface excitons is to have larger oscillator strength on 
the first layer than bulk excitons. 

A last point to be discussed about excitons on the first layer is the validity 
of the “surface state exciton” approximation used in ref. [14], that neglects 
bulk state contributions in the exciton wavefunctions. It namely assumes the 
surface weight to be unity. Fig. 12 shows that this is indeed the case for z = 2.7, 
corresponding to a surface band with minimum at - 7, 1 eV below the bottom 
of the conduction band. It is qualitatively valid also for z = 1.5 (surface band 

Fig. 12. Weight of surface states in the exciton wavefunction at (001) surface versus Vo for three 
different z :, 1 values. 
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bottom at - 6.167), and V, - 4.5, which should be appropriate to semiconduc- 
tors with surface states in the gap and bulk excitons (nearly) degenerate with 
them. This assumption is not appropriate to the case of semiconductors with 
bulk excitons below the surface band bottom (z = 1.2 and V 1: 4.2-4.5) or 
whenever surface states are not present inside the gap. 

6. Excitons at (111) surface 

Orientations of the surface plane different from (001) are better handled by 
choosing new charthesian axes one of which is perpendicular to the surface. 

In the case of the (111) surface we arbitrarily choose two unit vectors in the 

surface plane 

Z,,i = 2-“2(2-j9, ?ilZ = 6-“2(12 +3 - 26), 

and the third perpendicular to it 

,. 
x, = 3-“91 +p + i), 

which yields for k,, the surface Brillouin zone dispfayed in fig. 2. 
We now go back to eqs. (1) and (2), and substitute them into the Schrodi- 

nger equation &P&~,,,~ = E$Q,,,~. At this stage the problem looks formally 

identical for any surface orientation, and (37a) and (37b) hold for the (111) as 
well as for the (001) surface. However, the actual value of the sum (37b) is 
different for different surface orientations because of the different position and 
number of nearest neighbors of a surface atom, and this causes the surface 
states to be different. 

The energy bands were given in a general form for any surface orientation 
by Kalkstein and Soven [28]; here we also explicitly derive the wavefunctions 

that will be necessary to build up the exciton wavefunction, since the surface 
crystal is only the basis for the exciton problem, and we have to solve Dyson’s 
equation once more. 

For the (1 I I) surface we have 
(i) Bulk states 

c:(n)= [~,,~(R,)]~“*exp(ik,,.n,,) (-1)“” exp(-iii.O(k,,) 

X sin k, fi, + Ttl,,, 

[ - 

sin 4, (Al - 1) 

I 

i 

2 22 --I 
x 1+------+- 

P(k,,) T(kJ coskL ’ I 
(48) 



where IV,, is the number of cells in a (111) layer, and 

. 
(49) 

The energy of the bulk states in the new coordinates is 

P(k) = 2T( k,,) cos L, . 

(ii) Surface states 

c~,,(Jz) = N,;‘12 exp(ik,,.nl,)(-1)“” exp[-ifi,@(k,,)] 

x(2 sinh];:) exp[-cy(fi, --+)I, 

with energy 

E”( CL) = - 2T( k,,) cash ,&; . 

Here we have defined 

g, = 3-“‘bc, +O(k,,), 

f: = In z/T(&), 

~,=3’/*311=llX+nyin,, 

(51) 

(52) 

t53a) 

(53b) 

and Z’(k,,) and O(k,,) are real functions of k,, obtained from 

T($) exp[i@($)] = a$, exp(iQ An”), (54) 

An’, An2 and An3 being the vectors joining an atom with its three nearest 
neighbors lying all on one adjacent (111) layer. T(k,,) can be expressed [281, in 

terms of k,,, as 

2 &I 1 +4cos ~jz+h.oS $- COS $$ 

i/2 

> 

a function of kl, ranging from 0 to 3 in the surface Briliouin zone (figs. 13 and 
2). We will drop the tilde from now on. The new n, thus gives the distance 
from the surface plane (n, = 1) in units of the separation d = l/6 between 
adjacent ( 111) layers, and k i is measured in units of l/d, therefore ranging 
from 0 to v throughout the Brillouin zone. The redefinition of k, also implies 
the additional k,, dependent phase O(k,,), which however does not affect the 
projected bandstructure (fig. 2) and only results in a phase factor of exp[ - in I 
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O(k,,)] in the wavefunctions. Since this factor disappears in all expressions of 
interest for the construction of the Green function, this redefinition of k, 

turns out to be a very convenient one. In the (111) case surface states exist if 
z/2(/$,) > 1, and this, together with (65’) and (64b) tells us two facts; first, 
that as soon as z =5 0, one has some surface states in a portion of the SBZ (but 
only when z > 3 one has one surface state per surface atom); second, that 
surface states have different decay lengths into the bulk for different k,, in the 
932. We also note that, as a consequence of definitions (53), the wavefunctions 
appear as the ones encountered for the (001) surface with the substitution 

z -+ z/T(k,,). 

6.2. Exciton Green function 

We calculate the binding energies of excitons at the ( 11 I > surface following 
the general method outlined in section 2. In spite of the larger complexity 
introduced by the appearance of the function T(k,,), eq. (55) in every step of 
the calculation, we show that the numerical effort can be reduced even in this 
case to a single quadrature. Calculating exciton binding energies versus z and 
no for these different surface orientations gives us an internal check of our 
model, suggesting that the trends obtained for the (001) surface are not related 
to its peculiar simplicity, but rather to physical characteristics of solid surfaces 
(presence or absence and energy position of surface states within the gap). 

To solve the bound state equation (10) for excitons at the (111) surface, we 
have to compute the Green function. The definitions (11) and (12) of the bulk 
and surface contributions, upon substitution of (111) bands and wavefunc- 
tions, result in the following integrals: 

_ 

fhu 3)=-$&h dk,+- T(k,,,] 
x 2 sinh kl exp[ - (2noL - l)k:] 

E + 2T(k,,) cash ks, 

6 =- 4r2 &dk, dk, i?h,_ +W,). (W 



Here B is the Heavyside step function. 
It has been shown [2X] that once the integral in dk, is performed analyti- 

cally, the sum of g” + gb appears as 

g”(n,, Ak,,)+gh(%. ~W$,)=f(Q), VW,,) 

2(flo, - 1) 

i 

[ E2 - 4T2( k,/)]“’ + E -I- 22 

’ [E2-4T2(k,,)]“2-E-22 ’ 

So we are left with the integra1 over the SBZ 

(57) 

gs(nol 8 +gb(no, l E) ~~~Bzf(~o~ J%k,j dk, dk,, 

where f is given by the previous formula. 
Upon the observation that the dependence off on k,, only comes through 

the function T(k,,) given by eq. (5.Q we are able to reduce the double integral 
over the surface Brillouin zone to a single integral over the variable T by 
calculating the weight function D(T) analytically [33], which yields 

with 

2(3T)‘j2 R(T) .[,os-‘~~~,R(T)], o< TG 1, 

D(T) = 

F[cos-‘~+&]. 
(60) 

2(3T)“2 l<T<3. 

Here F(K, q) is the incomplete elliptic integral of the first kind [41], and 

R(T) =4[T/(T+ 1)3(3 - T)]“2. (61) 

Therefore the calculation of gs(no, E)+g’(n,, E) finally involves only a 
single numerical integration over dT. The results are discussed in the following 
subsection. 
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6.3. Excitons at (I 1 I ) surface: results 

We have shown in the previous subsections that surface states arise for any 
z > 0 in those regions of the (111) SBZ where the condition z/T($) > 1 is 
fulfilled. 

As it is easily recognized from eqs. (52) and (53), the bottom of the surface 

band lies below the conduction band bottom E,” = - 6 only for z > 3, being 
equal to - (z + 9/z). Thus surface states with 0 < z < 3 are far away in energy 
from the final states involved in the excitation process, and are expected to 

give a minor contribution in the exciton wavefunction, reflected in the large 
energy denominator of the Green function. 

It should be also noticed that only for z 2 3 every k,, point of the SBZ has 
one surface state (i.e., one has one surface state per surface atom). Otherwise, 
since the maximum of T(k,,) is 3, smaller and smaller regions of the SBZ will 
be available for surface states as z decreases from 3 to 0; and they will be 
farther and farther away from k,, = 0, the minimum of the conduction band 
(figs. 2 and 13), where T(k,,) is maximum. 

The plots of the exciton energy in fig. 14 are analogous to those in figs. 7 
and 8. The energy of a core exciton at the (111) surface is displayed as a 
function of the distance n , of its center of mass (for the core hole, m* = co) 
from the surface, with a 
the surface parameter z. 

In the bottom panel 

p&t contact potential V, = 4.5 and several choices of 

of fig. 14 the weight of surface states in the exciton 

r P 

T CT,,) = It4 COS2~t4COS 

J2 

Fig. 13. Contour plot of the function T(k,,) (see text) in the surface Brillouin zone of the (1 II) 
surface. See also fig. 2. 
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Fig. 14. Top: exciton energy as a function of hole distance from the (111) surface for VO = 4,5 and 
various values of 1. Bottom: weight of surface states. Notice the behavior of the z = 4 case, related 

to theorem (i) (see text). 

wavefunction (eqs. (17) and (19)) is shown. We see at once that the behaviour 
of the binding energy and surface weight closely follows the trends obtained 
for the (001) surface. Better, the behavior is identical, provided, given the 
previous considerations, one compares the exciton behavior occurring at the 

(001) surface for 0 < z < 1 with the one occurring for0 < z < 3 at the (111) 
surface. From a geometrical point of view this could be guessed a prior, by just 
observing that every atom belonging to the (111) surface has 3 nearest 
neighbors in the immediately adjacent layers, whereas the (001) surface atom 
has only one left. 

The results on the exciton binding energy and the weight of surface states in 
it confirm that the energy position of the surface band bottom is a leading 
condition on the transition between dead-layer-like and surface-exciton-like 
behaviors. 
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Also we see that for 0 < z < 3 the binding energy of the exciton is not a 

monotonic function of its distance n,, from the surface, as we had seen for 
(OOl), 0 < I < 1 (fig. 4). This means that, for certain sets of parameters, z, V,, 
n, , electrons coming from the bulk will see a dead layer (i.e. a layer where 
excitons are most unlikely to form) and electrons created at the surface will 
experience a stronger effective potential and tend to be localized in the first 

few layers. 
Our results show that both sharp resonances slightly beyond the minimum 

of the conduction band and true surface states immediately below it have the 
same effect on the exciton, i.e. to increase its binding energy near the surface 
and to become a substantial fraction of its wavefunction. 

The case z = 4 is displayed in fig. 14 in order to explore the typical behavior 
dictated by theorem (i) (section 2.4) for the case of a (111) surface. The value 
z = 4 is necessary to let the surface band bottom slip below the bulk exciton 
energy obtained from V, = 4.5. 

For large n, the exciton energy tends to the surface band bottom and the 
weight of surface states in its wavefunction tends to 1, after decreasing over the 
first few layers. By increasing V,, one will at a certain point bring again the 
bulk exciton level beneath the surface band, and the surface weight will again 
go to zero at large n,. This can be seen in fig. 15 where the case V, = 5 has 

been considered. 
Careful comparison of figs. 14, 15 and figs. 7, 8 (( 111) versus (001) surface 

excitons) shows that the only difference occurs in the behavior of the surface 
weight for n, very close to the surface. The values of z either produce the 
crossing of the surface band bottom with the bulk exciton level (fig. 8 versus 
fig. 14) or are comparable with the interaction V, and pull the surface band 
minimum well beyond the minimum of the conduction band (figs. 7 and IS), as 
shown in figs. 1 and 2. 

In these cases the surface weight in the (001) exciton tends to decrease at 
very short distances from the surface, as nZ --f 1, while over the same interval, 
the surface weight in the (111) exciton increases. But the former behavior was, 
as observed in section 5, peculiar to the (001) surface states which have a fixed 
decay length k, = In z, so that at very short range from the surface they are 
unable to localize the eletron at the hole site, a task better achieved by bulk 
states, whence the decrease of the surface weight. But this problem is absent in 
the (111) surface where the decay length is 

k&) =ln[z/T(k,,)], 

and surface wavefunctions can be arbitrarily short range. The electron can 
therefore localize at the hole site via surface states and no decrease of their 

weight is obtained at short distance from the (111) surface, 
On the contrary, the fact that the weight of surface states decays more 

quickly towards the bulk for larger values of z, both for (001) and (111) 
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Fig. 15. Same as fig. 14 for V0 = 5. Notice that for this more attractive hole potential the bulk 

exciton energy lies under the surface band bottom for 0 c: z < 4. 

surfaces, is related to the physical fact that the more bound are the surface 
states, the more localized near the surface they are, and therefore they cannot 
localize electrons around far away. 

This study of (111) surface excitons gives more insight into the model and 
suggests that most results are related to the basic physics of the problem. 

7. Summary 

In conclusion, it was shown on the basis of a contact interaction model that 
the electron-hole interaction near a surface is dramatically influenced by the 
presence or absence, and energy location, of surface states. The boundary 
condition of I,!J = 0 at the surface for the exciton wavefunction, often used in 
the framework of effective mass approximation [45-471, turns out to be the 
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correct choice, if the image potential is neglected, only for a perfect crystal 

termination (z = 0 in our model). In this case, and also for small z, the binding 
energy decreases at the surface, and a dead layer results. 

When surface resonances just above the gap or true surface states exist, a 
strong increase in the binding energy near the surface results, in qualitative 
agreement with recent experiments on semiconductor surfaces cleaved in UHV. 
Further inside the crystal, a dead layer may result (surface exciton plus dead 
layer), or a monotonic decrease of binding energy toward the bulk value 
~accumulation layer). 

If a surface band extends into the gap, the binding energy increases further, 
and when degeneracy with the bulk exciton occurs, it results in resonant 
exciton states with rapidly decreasing width as rroi grows (surface excitons 
plus dead layer due to degeneracy with surface states). 

Surface excitons have larger oscillator strengths than bulk excitons, and the 
weight of surface states, when they are present, is usually high (50-60%) in 
their wavefunctions. The approximation of “surface state excitons” [ 141 works 
well only for surface states well separated in energy from bulk bands (- 1 eV), 
but is qualitatively valid also for excitons on the first layer of semiconductors 
with surface states in the gap, if the bottom of the surface bands is below the 
bulk exciton. Logarithmic singularities of two-dimensional saddle points are 

reversed by the electron-hole contact interaction, and appear as dips in the 
spectral density. 
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