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Recalling the Hartree-Fock equations

» Recall the Fock operator in the Hartree-Fock equations:

Fay = epiy.
The summation here is over the - . SR .
the number of electrons Fr=h + Z[L - K}
(# of occupied orbitals) i=1
- . (X
Sl ) = s jil— dxaghy (x))
|J“ — x|

e h R R S MR RTE SR S R SN R M MR Em 53 5 Em s |_ :l:'

X2 — x|

Kip(F) = /Eb ()P 121 (%2 ) G )]

» The Hartree-Fock equations need to be solved self-consistently.
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Total electronic energy

» Solving the Hartree--Fock equations leads to more than N orbitals. Which of these
should we choose to occupy?

» We will choose the N orbitals to be occupied that belong to the lowest eigenvalues
g, (ground state).

» This is reasonable based on the so-called Koopmans' theorem to be discussed
here.

» Recall from the derivation in our last lecture that the total electronic energy

Eyr = (®|H ,|P) Isgiven as:

N N
(IH®) = > (@lhuildi) + 5 D [(didilhalicd;) — (¢¢ilhaidip ;)]

=1 I, J=1

b | —

» Alternatively, we can compute E, using the Hartree-Fock equations as it will be
shown next.
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A useful expression for &

» Starting from the Hartree-Fock equations can show that:
(x| F ) = ex (x| )
> Recall the Fock operator F = i, + Zw - K,y and the expressions

for the Coulombian and exchange operators:

. . (x - . ﬂb‘{h}P iy (g )
u"rlu'd-'.l: .[:_1:1 = l'{;}r ji'_ d.l 1[:I__|_ ['] | } qu’.];l [:"| ) — / _ .I__I?l}_._.._.._'ll_l?___ S _] I_ig.:-
|.,J“—'{'|| |“_ Tll
» With simple substitution in the first equation and using the normalization of the
orbitals, you can easily show that ho (7, 7 = hy(FF)

N
er = (@l Flow) = (dulmlge) + > [{dedrlholduds) — (didulhlpedy)]

f=]
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Total electronic energy

N
e = (G| Flgn) = (Gulmlde) + > [(dudiliol et} — (prulhzldue)]

f=]

> This equation is valid independently if the k" orbital is occupied (k<N) or not (k>N).

» From the above expression with summation, we can compute the following:
"

W
ZEL - Lf{i}& ulgn) + Z e lhaldudn) — (drdulialdiedr) ]

k=1 =1
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Total electronic energy

» Comparison of the following two equations:
N

N
ZE;_ == Lf{m |ai'u|t;'5ru Z {{:}‘JHFJ,- | by ) - {‘?f’fﬂ}f«-!f;zi:;ﬁnﬁf}]

k=1 =]

i"I’IHE“P}"—Z{ﬂIhn@nJr Z'fﬁ.%lf’hl%% (6011 haleip )],

=] i, j=1
leads to the followmg for the electronic energy:

Enwr = ZEL Z (e B2 bugn) — (dradilhalrady)] |

b ] ;-u—;

:ng _Z<¢k |E(J _K)|¢k ~ Thesums h(_—:tre are over all
k k

occupied levels

» The eigenvalues g appear like individual orbital energies whose sum
gives one large contribution to the total electronic energy but which has to be
modified by a double-counting term due to electron-electron interactions.
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Koopmans’ theorems

» These theorems (to be derived from the Hartree-Fock equations) have to do
with the calculations of the ionization energy and electron affinity.

» lonization energy -- the energy that you need to spend to remove an
electron from an atom.

» Electron affinity -- the energy that you gain when an atom captures an
extra electron.

How do you calculate these two quantities?

» Let us take the case of the Fe atom. The ionization energy is given by the
difference of the Hartree-Fock energy with 26 electrons and the Hartree-Fock
energy solution with 25 electrons.

» Similarly the affinity will be the difference between the calculations with 27 and
26 electron calculations.
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Koopmans’ theorems

» You can actually do both calculations (of ionization energy and electron
affinity) in one calculation if you make the hypothesis that your single
particle electrons do not change in the process (frozen orbital
approximation).

» If you assume that in going from 26 to 25 electrons, the shape of the orbitals of
electron 1, electron 2, etc. do not change, then you can prove that the
difference between the system with 26 electrons and the system with 25
electrons, is given by the eigenvalue of the 26" electron.

» A single calculation gives you an estimate of ionization energies and
electron affinities.
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Koopmans’ theorems

» Consider a system of N electrons for which the Hartree-Fock equations were
solved. As mentioned before, more than N orbitals will be found. Koopmans
compared the total electronic energy for this system with that obtained by either
removing one of the electrons from a given orbital or adding one electron to a
given orbital. He found that

We assume here that
an electron
of the nth orbital has
been removed.

L-E'I]:'I:;'\,." . ]J, — ‘F:-F-3||7|.r.'1"1-'r:| ~ g

Enp(N + 1) — Epe(N) ~ &, We assume here that

an electron has been
added to the
mth orbital.

> In the egs. above, it is assumed that the nt orbital was occupied and the mt"
empty for the N-electron system, respectively.

» Finally, E (M) is the total electronic energy for the M-electron system.
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Proof of Koopmans’ theorems

» To prove Koopmans’ theorems we proceed as follows:

Enr (N) = Z{¢;Ih1|¢m+ Z (@idj halicp;) — (i lhaipicp)]

-1;1

> Let us remove an electron from the nt occupied orbital. Using the above, we can
write:

‘E'IHF(N - 1}— FHL[:';"'-"I}

N

Voo )
:Z{f,ﬁ”m@,; 4 ﬁL (@i l2ldidhs) — (D 1holgticp; )]

t. ¥R

_ Z{‘iﬁ |h] |¢’.! 3 L ﬁfﬁtﬁ' |h?1¢}:¢;x {‘ﬁj'@f.l‘é;i:l{i’i'i'_j”

1, j=1
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Proof of Koopmans’ theorems

> Simplifying gives (remember an electron is removed from the n' orbital):

Y

. A ] — ~ o v ]
Epr(N — 1) — Egp(N) = —fénlhl.h;i’“}—iZHtﬁ'nﬁf);fﬁzr‘m@;} — (@ jnlhalpnd;) |

Jim
4

4
J7=a

N
- %Z[{ﬁt’r%\;ﬁ?;@ﬂn} ~ {dupilhalpidon)]

N

= —(@nlinlgn) = D [(Batslldng)) — (@10 lh2ldnds)]

i=l

N
=]

N
= —(@ulhldn) = Y _[(badlialdnd) — (@idulhalénd;)]

j=l

= —&y, (we already proved this earlier)
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Koopmans’ theorems

» Koopmans’ theorem allows interpreting the eigenvalues ¢, of the
Hartree-Fock equations as orbital energies that are related to "“electronic
transition energies”.

> It further provides a good argument for occupying the N orbitals of the
N lowest eigenvalues g in solving the Hartree-Fock equations.
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The Hartree-Fock-Roothaan method

> Solving the Hartree-Fock equations /¢, = £;¢b.. requires computing the

real eigenvalues g, and the orbitals ¢ in every point in space as well as its
spin-dependence.

» Roothaan suggested an approximation of the Slater determinant wavefunction:

di(x1) @) .. wi(x)) i
b5 3 ~ 1 dr(x2) d(x2) ... (X))
(X, X2, oo AN = —F—= . . , .
N A
Gr1(xy)  dalxy) ... dyilxy) |
= |y, P2, . ... Pyl

» Recall that the single electron orbitals were computed from the minimization of:

F = (®H|D)— Y hij[{dile;) — 8]

I J
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The Hartree-Fock-Roothaan method

» Roothaan expanded the orbitals in a FIXED basis ¢| (plane waves ek, Slater
functions e#, Gaussians e®?, etc.):

Ng
YiX) =  xp()ep

p=1

» Now only the coefficients c, are unknown. We will insert this approximation in our
variational principle and we will do the minimization with respect to ¢, :

F = (QH|P) — > hijlidilep;) — 5]

N N

F =Y (gilhlg) + = Y [(ijlholgid;) — (@dilhaldicp;)]

2
i=] i, j=1

N

i, =1
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The Hartree-Fock-Roothaan method

» We finally obtain:

rl" Jl'l'l I

F o= Z Z f;r,frrr";m:zlhjlfﬂ:'

i=I m.n=1

) L L ’”"Em ﬁliril.'xmx'?lh:'-lxﬂxr} - '::I-&'errlhzlxufr:':i

T i j=1mn,gr=1

" N, .|
- e, - . .
- E A | E ':,;.J":JJ_.'{IH?L]{'-'FF - Jé'L_.‘J

i y=1 =]

> We then enforce: aF =10
il _ _ OF _ — @ C, is the coefficient of the I
e ol Eh_ orbital to the pt function.
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The Hartree-Fock-Roothaan method

» The following final equations are obtained:

N N N
Z Cot Xm B X p) + Z L CrutCriCai | OXom X |12l X p Xg)

= | =1 m.n,o=1

N

'::,:"’-f--.!.?li'.urlll'rI |X|r.-.3{a:.-.-- Z}hsz;”{xm“‘fpf = {0

=1 H== |

and N
Zrmi Am ”ﬂll’p-‘ 8l Z Cd Cpy i © qr Xﬁ.:!l.qlh’|x.r=-r}'fu

m=1 =1 mn,g=1

W
'-.J'quxplh"lxmxn Z*"’rn‘ Z'—ﬁm 'L.k'r-| Xm) =

=] m=1]

» The Lagrange multipliers form a Hermitian matrix (thus the two equations are
complex conjugate of each other). We choose the orbitals such that:

}'a.-_l--lf _— Er':ﬁll.-r
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The Hartree-Fock-Roothaan equations

N h Y N h

Z (xplhty Xm) —+ Z Z i.',,”'-[“.';- ;_{ka’r;é-'ﬂllk’rnxn} — {Xq,:fpi"!:fflx.m;’fi'ﬂ}] C i

m= i=1 n,g=I

Generalized eigenvalue
= £ kaﬁ- !‘X,l:l;l::'lr-',u-f / prOblem
m=]

£ C{mgj“O“gzg
N

'Opm — <Xpt)(m>

» Many real space basis functions are non-
orthogonal leading to an overlap as shown
in the sketch for atomic basis functions.
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The Hartree-Fock-Roothaan equations

» Instead of determining an infinite number of values (the values of all occupied
orbitals in all position-space and spin points), the Roothaan approach simplifies
the problem to that of determining only a finite number of parameters.

» Increasing the set of basis functions gives you a better approximation.

» However, the accuracy will never be better than that of the original Hartree-Fock
approximation.

We will next review some typical (but old) results of the
Hartree-Fock approach
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Total energy

g ] :1'?-—'-. E..:_ E iy -
E(X)= — Z‘ R 4+ E.(X)
E Ky k=] |E"r'-| o Rl';."l

» Here the electronic energy is the H-F energy: E. = Eyr

/N » R, IS In most cases accurately given

within the Hartree-Fock approximation.
E(R.) = min

» There are cases (e.g. transition-metal

\ . /'/" atoms) where severe errors occur since
V — correlation effects become important.

Schematic representation of how the total
energy depends on the bond length
for a diatomic molecule
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Hartree-Fock Calculations vs. Exgeviimemall Data

» The eigenvalues ¢, of the Hartree-Fock approximation are called orbital
energies. According to Koopmans' theorem the orbital energies are
approximations for the ionization energy of an electron from the it orbital
¢.. The accuracy of Koopmans' approximation rests upon the assumption
that the removal of an electron from the it" orbital does not affect the other
N - 1 orbitals. Under that approximation,

E+ — E —_— IE _ - Si
where E and E* are the Hartree-Fock energies of the neutral atom and the
positive ion, respectively.

Comparison of Hartree-Fock Orbital Energies
with Experimental Data of Cu* (Energies Are in Atomic Units)

Ionization energy

Orbital Hariree-Fock X-ray value
1s 658.4 661.4
25 82.3 81.0
2p 71.8 689
3s 10.6 89
] 3p 7.3 57
From D. McQuarrie 5, 16 04
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Correlation energy and Hartree-Fock

» In the variational principle if we make the wave function more and more flexible,
the accuracy of Hartree-Fock can become better and better.

» As we will see, we can write the wavefunction as the sum of multiple
determinants thus improving the accuracy of Hartree-Fock.

» Hartree-Fock in principle can be improved indefinitely. We will learn that while
density functional theory (DFT) performs better and scales at the 3" power of
the size it can’t be improved in any systematic way.

» The Hartree-Fock energy is always going to be higher than the true ground
state energy of our system. What is called the correlation energy is the
difference between the true energy of your system and the Hartree-Fock
energy.

» When we talk about correlation energy we refer to the energy that is not
captured by a Hartree-Fock approach.
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lonization energies with Hartree-Fock

lonization energies (eV) of Ne and Ar obtained from neutral atom
orbital energies (Koopmans’ theorem) and by subtracting the Hartree-
Fock energy of the neutral atom from the Hartree-Fock energy of the
approximate state of the positive ion.

lonization energies -
Koopmans Direct Hartree-
Orbital occupancy lon theorem Fock calculations Experimen;
Ishole  1s2s22p® Ne* 891.7 868.6 8703
2s hole 152252p® Ne* 52.5 49.3 48.5
2p hole 15%2s%2p° Ne* 23.1 19.8 216
15 hole 1525%2p®3523p° Ar® 32274 3195.2 3206.3
2shole  15%252p®35%3p" Ar* 335.3 3248 —
2p hole 15%25*2p°35%3p® Ar? 260.4 2489 2485
3s hole 15%25*2p°3s3p® Ar” 34.8 33.2 292
3p hole 1522522p®35?3p° Ar® 16.1 14.8 15.8

From D. MacQuarrie

W@L}[ MAE 715 — Atomistic Modeling of Materials
N. Zabaras (2/13/2012
I RS T ( )


http://www.amazon.com/Quantum-Chemistry-Physical-Donald-McQuarrie/dp/093570213X

lonization potentials and electron affinities

» According to Koopman'’s theorem, the orbital energies g, can be related to the
lonization potentials and electron affinities.

» The results obtained are not in good agreement with experiments because the
Koopmans’ theorem neglects effects related to the fact that the orbitals will
change when the number of electrons is changed (relaxation effects).
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Hartree-Fock and the periodic table

41 p(r) atomic units

» Using Hartree-Fock, one could start
solving atoms and recover the shell

structure of atoms.

» If you would obtain the Hartree-
Fock solution for e.g. an Argon
atom and then plot the overall
charge density of the system then it
would start to look like the figure

here.

1.0 270 3.0
> As we move from the center

outwards it would clearly show the
fundamentals of the periodic table
nature of things. That is it would
show 1s shell and then it would
show a 2s and a 2p shell, etc.

The distribution of electronic charge in
an argon atom as a function of the
distance from the nucleus
(from D. McQuarrie)
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Hartree-Fock and the periodic table

» The periodic table itself is not the truth picture of electrons -- it’s just a
Hartree-Fock picture of electrons.

» In principle, you shouldn’t be able to talk about single particle orbitals 1s, 2s
because if you have e.g. an Fe atom, you have many body wave function that is
an overall function of all the electrons. It is only when you enter into an Hartree-
Fock picture that you can have a well defined concept of a single orbital for an
electron and of the energy for that electron.

The periodic table is nothing else
than the Hartree-Fock solution for
the atoms
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Dissociation energy and harmonic frequencies

D, = FEA)+ EB) — E(AB) = E(co) — E(R,).

» Often the calculation of D, is less accurate than that of R..

» Harmonic frequencies can be easily approximated:

tiE| ,k
dR? | R=p, hﬂﬂ—ﬁ\ 9

M Mg
where the reduced mass of the two nuclei is defined: & — )
."1?-‘.!1 + Jq'IH

k ;
E(R) = ERe) + 5 (R — Re), K=
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Dissociation energy and harmonic frequencies

System

H,
CH;
CH4
NH:
OH

H,O
HF

X—H bond length

Theory

(0.730

1.072
1082
1.015
0.991
0.967
0.948
0.921

H—-X-H bond angle

Experiment Theory Experiment
(. 742
1.079 120.0 120.0
1.085 109.5 1089.5
1.024 8.6 103.4
1.012 P61 106.7
0.971
0.957 111.5 104.5
0917

Lengths in Angstroms and angles in degrees for small molecules
(from Daudel et al., 1983).

CORNELL
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Vibrational frequencies

System Theory Experiment
Ha 4644 4405
CH, 3321 3184
3125 3002
1470 1383
776 580
CH, 3372 3019
3226 2917
1718 1534
_ 1533 1306
The frequencies  NH: 3&;:3 ;ﬁg
- 3554 317:
with H-F ' 1651 1499
are overestimated ~NH; 3985 3444
3781 3336
1814 1627
597 950
OH 3955 3735
H,O 4143 3756
3987 3637
1678 1595
HF 4150 4138

Vibrational frequencies for small molecules
in cm! (from Daudel et al., 1983).
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Electron densities

hr
p(F) =" |
i=1

» The electron densities computed are
structure-less. They resemble the
densities of superposed atoms.

Q@ﬁf @’*”"L’ » The chemical bonds are hardly visible.

From R. F.\W. Bader
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Electron difference density

0002 D000

o Ap(r) =

"ﬁ: M

ﬁ'{;) — Z Latom m 'E-F — Ry,)
E. =]

+008  —0002  +0.002 F T -0

Drensity

Fro o 0.5
difference —___

aAxXis .
Al NTAN

|

e

|-00s Bader (1970)

—iL5

» We usually compare the total density with that of the superposed atomic
densities (i.e. the sum of the densities of the isolated atoms placed at the
positions where the nuclei are for the system of interest).
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Spin density

» The spin density is the difference of the electron density for the electrons with an
a spin minus that of the electrons with a g spin:

R S
pF) =12 > &I —5 D g

L . & .
[ = —SPITn fz= H— 5

NO molecule (Daudel et al. 1983)
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Total dipole moment, the electrostatic potential

» The total dipole moment of a molecule is the sum of the dipole moment of the

nuclei plus that of the electrons.
N

M
Uy =) Zn¥m— ) (il¥ldi)

=1 i=1

» The total electrostatic potential is given as:
M

=, E,r_n 'Il'j.lll-. i Gk —
V(F) = _m L @51 ds.

p— |Rm -rl i—1 5 — rl

» The potential gives some ideas about
where a charged particle would
attack in a chemical reaction.

» A positive ion will feel attracted to the
regions of negative potential, and vice
versa.
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Restricted and Unrestricted Hartree-Fock

» To describe an electron, we do not only describe what the distribution of its wave
function is in space but we also specify what is the spin of the electron.

» For an even number of electrons and total spin S=0 (closed shell), the spatial
orbitals are the same for spins up and down:

(Wora(r,0), w5 (r,0)} ={4, (Na(o), 4.(r) B(c)} closed shell open shell

> If the number of electrons with spin up and spin down is
different (odd number of electrons), then we have an
open shell system.

|
i
v

—> —>

e

+

\
A 4

b
A | A
| | K =
» In restricted Hartree-Fock, an electron of spin-up and
an electron of spin-down will have the same spatial part of the wave function.
Their wave functions still differ since they describe an electron with spin-up and
an electron with spin-down.
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Restricted and Unrestricted Hartree-Fock

» You should actually make your wave function more flexible: an electron with a
spin-up and an electron with a spin-down even if they are very close in energy
can have 2 wave functions in which the space part differs. This is an
unrestricted Hartree-Fock solution which will always give you a lower
energy than arestricted solution.

A

R Dissociation of a H-molecule. Shown
RHF <—— IS the energy of 2 H-atoms as a
! function of the nuclear distance.
/ L

Riv-ni

In the RHF, the 2 electrons have the same

EYACT orbital part in the wave function, they just
differ in having a spin-up and a spin-down
term. In the UHF, the 2 electrons don’t
need to have the same orbital part for the
wave function.

From MIT 3.320 Both RHF and UHF formulations do very well close
to the equilibrium point

RELATIVE ENERGY
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Restricted and Unrestricted Hartree-Fock

» The restricted Hartree-Fock (RHF) is not doing well is predicting the dissociation
energy.

» The two 1s orbitals are covalently
overlapping and so RHF does very
well near equilibrium. It is basically
identical to UHF but formally UHF

will always be lower than RHF.

Rery
» UHF contains the restricted solution
because in order to have a restricted
solution you just need to have the
orbital part for the 2 electrons to be
identical. Recall from the variational
principle that the more flexibility
you introduce in your trial wave
function the lower the ground energy
From MIT 3.320 will be.
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Restricted and Unrestricted Hartree-Fock

RELATIVE ENERGY

» Consider the breaking of the H-
molecule.

» The RHF is doing very poorly in
predicting the dissociation energy.
The UHF does very well.

From MIT 3.320

» To correct this, you will need a
wave-function that has an
additional determinant to account
for anti-bonding states
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The total spin of the N-electron system

» The total spin of the N-electron system is a quantity that can be used in
evaluating the quality of a given approximate wavefunction.

» It can also be used in restricting the approximate N-electron wavefunction.

» Let us consider the square of the total spin operator:

. j " N Eachtermis a
5= 8§ .5; - §%  sum of single-electron
; contributions

M i
where 5{ — E E"! . S, = 2 EI.I._.'\- j_ — ; ;E
r T el : i- -

=]

» You may already have seen in your Quantum Mechanics class the ladder
operators (which do not commute):
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The total spin of the N-electron system

» Consider a spin eigenstate 6, for which: "g?,_r;,; v = S(S + 1185 4

'EI:'E'IH.M = MG ar

S Bsa = 1S+ M+ 1S — M8 s

» You can then show that: |
S_Bsar =[S — M+ 1)(S + M) b5 s

-

-8,

» Thus the operators: L:T_, = Sl. - if,'j. and S =5,

change the z component by +1 or -1, respectively but keep the same total spin.

» With these operators, we have:

J.E'Iﬂ — ..'_::l- I_IS-‘ - .51._ "I'l_ ||.;: p— |SI__,.EI' - =
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Explicit spin dependence of the wavefunction

» We now include the spin dependence in the Slater determinant:

CPilx) @ty o ()
I | 1 [ @i(x2) @alx) L. ()|
Plx),x0, ..., a0 = _"\?i f . . I
ey o ]
PLlxy ) @alxy ) oo Onixn) |

= |ghy, a2, ...,

» Assume that we have n orbitals with a spin and m orbitals (n+m=N) with  spin:

— . — ) I . =k ol y — . —_
DXy, X2, ..., Yy b= | o, rp-_-f SR B« N M < rﬁ';; B .;f;mfj_ |

» The functions {;!Jr-"and ®; depend only on position-space coordinates (i.e.,

no spin dependence), and we allow for the orbitals of different spins to be
different (hence, the superscripts + and -).
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Spin dependence of the wavefunction

&

» The exact N-electron wave function is an eigenfunction to $?  and S:.

» Is this also the case With the approximate (Slater determinant) wavefunction?
W Z{— DYy (i el (Fiydalin) - - @iF (73, (i)

x EJt"[-'[:F.".T...: }.IB“-H-H }‘:ﬂ}’_*_ IIFF.E,,_ b7 ,.]'JSUI.';!+EJ' T {i',;; I:Fa'_-.,- jﬁ“"k’ J-.—

» Each term contains both all functions and all electron coordinates as

arguments exactly once.
» When 5‘__ acts on a single term in the sum in the Eq. above, it

returns this sum multiplied by 1/2 for each « spin and by -1/2 for

no—m
i

each B spin. This gives a total factor of (n - m)/2 for any term: ffzflﬁ =

(recall we have n electrons with spin up and m electrons with spin down and the
operators are sum of the corresponding operators for all electrons).
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Spin dependence of the wavefunction

» Thus the Slater determinant is an eigenfunction of S‘z regardless of the form
of the orbitals

- L — m
5.® =

. P
2

» Unfortunately @ is not necessarily an eigenfunction for the §° operator.
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Spin dependence of the wavefunction

» Consider the case n=m=1 (two electrons):
1 — =E - —f R = -
P = —=[¢7 Fa(l)é] (72)B(2) — ¢ (Fe(2)¢; (F1)B(1)]
W L

> Since @ is an eigenfunction of §. (with an eigenvalue zero, n-m=0), it is also an
eigenvalue of §7.

> Butfor S; | N )
we find: S.®= 514 + 5. |d

Here, we have ) | L . .

used = 31,4 ﬁ @y (rdee(l)g@y () B(2) — @) (r2)a(2)¢y (r )ﬁ{l}J

voa =0
| . L o - e
o + 52+ _2 Py (ry Jee(l Yoy (r2 ) (2) — @y (ra (2 ), (ry )B(1 }]
S_o=p ]
i 8=0. = 7 =] (F (), (Frall) + ¢7 (7 1)y (F2)ee(2))]
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Spin dependence of the wavefunction

-

> We next apply 5 to the earlier expression to obtain:

P - 1 P - L = .
S_5,P =35 75 — ¢y (a2 (ra(l) + ¢y (rpad1)é) (F2)a(2)]
Wi

- R | - . - _ L B
= S-S = gy )e(2)gy (Fa(l) + @] (rpe(] e, {rgj{r{z}]

2

. ] _ . o - .

= §1 _ - 7 r—qﬂ}f (ra e (2)@ (r e (1) 4 @] () dae (1)) (F2)ex(2)]
N

L - , . _
+ 52 - 7 =, (P (2)d; (Fde(l) + ¢ (el (ra )e(2)|

N2

| . o . :
= —= =@y (r2)a(2)@ (r)B(1) + @y (r)B(Lg, (P2 )a(2)|

Vo
Here, we have L
I . L o
used + 7= l—"f’?' (r2)B(2)e, (r dee( 1) + ) (rydae( 1)) (72)B(2)]
fa=0 V2 :
- ] r L = — " — -
S = = —|- ¢y (radee(2ypy (r B0 A @) (r 0B (7 e (2)
ﬁ | 1 I |
s_o=f
s_ 8 =10. — ) (F2}B(2)¢hy (Fy (1) + ¢T (P e (1)ey (F2 _}ﬁ(j,_].g
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The projected Hartree-Fock method

» However, we already know that:

::}-2 == ..g. i -%. - a_El'l-_- ,'I_ IE':: = l;.; -T.:;-. + -FE:: + aﬁl?.

» With  §_d» — () , we conclude that S_5.® = 50  Now recall that:

I

5.5,@ =1 @y (F)a(2)¢; (F)B() + ¢ (F)B(1)@; (Fa(2) — &y (R)B(2)¢, (r)a(l) + ¢ (r)a(1)d, (F2)B(2 ]__

> Thus @ can be an eigenfunction of §%  onlyif: ¢ — ¢, - Inthis case,
. l PR - - - .
Sid = -0 B, Goa(l) + o) rethe, (p2)) = @ (we should actually remove the +

W =

and — scripts here)

» In the general case with n=m (=N/2), one can show that @ is an eigenfunction of

2 if the condition above is applied for all orbitals.

> In this case, the Hartree-Fock-Roothan equations can be simplified by using the
fact that the « and g functions are orthonormal and by performing all "spin
integrations’ and summations.
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Simplified Hartree-Fock-Roothaan equations

» Recall our original Hartree-Fock-Roothaan equation becomes:

Ns N o N
Z ':IX,':-lhll.l'n:-:' + Z Z ‘iarr'{ﬁﬁ; X;;Xrglh | XmXn! {Xﬁkﬁlhﬂﬁ'{m}fm] Conl
=] i=1 n,g=I

-ﬁ'lll_:,
= £ E ':.Xple}{-'nH’

m=]

» They now take the form:

N N/ZOON,
z {I'ﬂlh] | Xmi 2_4 l ':I"“-C;'; [E{Iﬂquhﬂhﬂn} _ {XHXJJ!hzlx:an}] T,
[ i=1 n.g=1
m=1 d
» The N, functions here depend only on position.
— g Z\xﬂxm}tma » The summations over the N orbitals

have been replaced by ones over the
N/2 different position-space functions.
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Projected Hartree-Fock

o

> Recall that any Hermitian, linear operator A defines a complete
set of orthonormal functions f, through

"ﬂ'fl' — '::1'.:'_,{1'- ':_.i'rl,glfaf::' = '51'._.‘-

» Completeness here implies that any other function g can be expanded like

8:ZCifi, c; = (filgl
» We then have:

Ag = A {Z E‘f.f'fJ[ — Z GAf; = Z cia;fi #cst-g.

I ]

» Apply this to the operator $2  with g the Slater determinant.
The equation above states that the Slater determinant is NOT an eigen-
vector of g2
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Projected Hartree-Fock

» Let us define the following projection operator: Py = [ Fel{ el

and assume that: /7 = [,(¥) andg= " £(X)

Prg(X) = fr(¥) /__f',?{'[?iiﬁ'i.ﬂd.f“’ = Ci frlx)

> Thus ;. g(x) returns a constant times an eigenvector of A - inessence
F.;-gl[.i'} (for any @) is also an eigenfunction of A (more precise the

same eigenfunction that was used to define the projection operator)!
» We can now apply this technique to the wavefunction @:

p =

A
| : y - o -
m Z(_l ]'Pu}@r {rh Jee(iy }‘i}; {-rig Jae(iz) - - ‘?5;: (r;, Jeeliy )
"=l

X @y (T VP10 (i, o )BUng2) - - - @y, (Fiy )BCin ),
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Projected Hartree-Fock: An example

» We consider the following example:

1, . - -
D — -4}?;.:;;:; (Fe( 1)@y (71)8(2) — @ (ra(2)ey (r)B(1)]

» You can show that the spin function

] % :
# = ——|la(1)B(2) + x(2)B(1)]

v 2

is an eigenfunction of §”

g —=20=1-(1+ 18=5(5+ 1A
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Projected Hartree-Fock: An example

by - - b gy e
D = J’;’ltp; (F a1y (r)B(2) — @y (i ya(2)@y (r)p(1)].

(e(1)B(2) + a(2)B(1))]

# = -
“ |

> We need to form 7,®, where P, =|6><4d

1|

e

I

» We multiply @ with 6 and integrate (i.e. sum over the « and g spin functions for
both electrons) to finally obtain:

Lo
5 161 P07 (o) — ¢ P06 ()]

» We now multiply by &to obtain the following:

p—

1 T — - I - — e 'I f ¥ '
— o (7 )Py (F2) — by (77 (F2)] x —= |e(1)5(2) A a(2)8(1)]
xf.f_’, a 2
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Projected Hartree-Fock

» Simplifying the earlier equation leads to:

¥

[ (re()y (R)B2) — ¢ (F)al2)¢, (F)A(L)

[ ]

{ %:q{n{'rf: B, (radee(2) — @ (r2)B(2), (ry (] }

» This is not any more a single Slater determinant but the sum of two
determinants!

> It is however an eigenfuction of &2

» In general normalization of this eigenfunction is needed.
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Projected and extended Hartree-Fock

» There are now two different ways of applying this technique.

» One can perform an unrestricted (standard) Hartree-Fock calculation
(i.e., ignore the problem related to *°  and after having obtained the self-
consistent solutions to the Hartree-Fock-Roothaan equations, perform the
projection. This is the so-called projected Hartree-Fock method.

» Alternatively, at each step of the calculation one perform the projection
during the iterative process of solving the Hartree-Fock-Roothaan
equations. This leads to the so-called extended Hartree-Fock method.

» Neither approach is optimal, and one should apply methods that include
correlation effects.

@ ), MAE 715 — Atomistic Modeling of Materials 51
ME«IL{I[ N. Zabaras (2/13/2012)
1 RS hn %



What is missing in Hartree-Fock?

» What is missing in Hartree-Fock is correlation.

» Dynamic correlation

Recall in the case of He, the 2 interacting electrons like to keep each other
instantaneously as far away apart as possible. However, we tend to put
electrons too close to each other because we have one electron interacting
with the average field of the other (mean field solution). There are a lot of
configurations in which the 2 electrons are too close to each other,
that raises the energy of the system (e.g. HF overestimates the

energy).

» Static correlation

Those have to do more with the fact that a single determinant solution
doesn’t have the flexibility that you need and this was the case e.g. of
the breaking of the H-molecule. You really want in breaking apart the
molecule to have a 2 determinants kind of flexibility with both bonding and
anti-bonding combinations.

@ ), MAE 715 — Atomistic Modeling of Materials 52
N. Zabaras (2/13/2012)
1 RS T T W



Multiple determinants — using excited orbitals

> We will need to consider a wave function that is a combination of determinants
with different coefficients in which the determinants have been constructed
with a number of orbitals that include also excited orbitals.

» This would increase the variational flexibility of your problem (configurational
interaction). We will come back to this in a forthcoming lecture.

The more flexible you become in your

wave function, the closer you get to the

right solution but at an enormous price
(scaling of N).
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