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1. Introduction

Although thermodynamics is no longer a young subject, its most elementary

results remain under critical scrutiny. That this should be so can perhaps be
attributed to the fact that ideas born in the nineteenth century would require

tw

entieth century mathematics for their full and precise expression. Indeed it
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is only recently that foundations of the subject have been discussed in terms of
mathematics that began to appear not long after GiBBS’ day.*

For the most part the current discussion remains focused on logical under-
pinnings of what has come to be called the Clausius-Duhem inequality. Although
we regard the work contained here to be a contribution to that discussion, our
immediate concern will not be with the Clausius-Duhem inequality in its full
generality but rather with the form it takes for cyclic processes. This more limited
statement, called the Clausius inequality, is usually deemed to be a logical precursor
of the Clausius-Duhem inequality.

If there has been a single impetus for current work on foundations underlying
both the Clausius and Clausius-Duhem inequalities, it is probably a paper written
almost twenty years ago by CoLEMAN and NoLL [CN]. In 1963 they showed how,
for elastic materials with heat conduction and viscosity, the Clausius-Duhem
inequality could be used systematically in conjunction with the classical conserva-
tion laws to deduce restrictions on constitutive relations. The example they set
inspired a body of work in which the same methods were applied to draw in-
ferences about constitutive relations in a wide variety of situations. Insofar as
it has so extensively been taken up by others, the argument employed by COLEMAN
and NoLL seems likely to occupy a permanent place in thermodynamic methodo-
logy.

Yet it is no simple matter to trace an unbroken line from premises implicit
in modern use of the Clausius-Duhem inequality back to principles of thermo-
dynamics normally held to be fundamental. In particular, it is generally supposed
in modern work that even for bodies suffering rapid deformation and heating
there can be associated with each material point an entropy density and a thermo-
dynamic temperature, these being functions of the state of the material point,
such that the Clausius-Duhem inequality is satisfied for all processes compatible
with the standard conservation laws. Although pioneers of thermodynamics
from CARNOT to CARATHEODORY mounted arguments to deduce existence of
these functions from various statements of the Second Law, their reasoning is
too heavily rooted in consideration of reversible processes to provide an unequi-
vocal basis for crucial suppositions upon which modern use of the Clausius-
Duhem inequality depends.

As portrayed in standard textbooks, reversible processes are those which
are executed so slowly that a body suffering such a process can be regarded to
be in a condition of equilibrium at each instant. With this in mind the more
orthodox thermodynamicists hold that, insofar as existence of temperature and
entropy density functions is deduced solely from consideration of reversible pro-
cesses, these functions should have as their domain of definition only those states
that might be exhibited in bodies at or near equilibrium. To the extent that modern
use of the Clausius-Duhem inequality invokes the existence of entropy and tem-
perature functions defined on states manifested in a far broader class of processes,

* The monograph of TrRUESDELL and BHARATHA [TB] suggests how mathematics
already available to the nineteenth century thermodynamicists might have lent the
subject greater coherency. TRUESDELL’S more recent monograph [T1] provides a critical
account of the early history of thermodynamics.
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its very statement might be regarded to be an extrapolation of conclusions reached
by the early thermodynamicists in more restricted circumstances. *

In a sense, then, the great body of modern work takes the Clausius-Duhem
inequality itself, together with its implicit presumption of entropy and temperature
functions, as a new statement of the Second Law somewhat removed from its
historical predecessors. Although Fospick and SErRrRIN [FS] have shown the
Clausius-Duhem inequality to be consistent with the more classical statements
of the Second Law, we may still ask to what extent the Clausius-Duhem inequality,
as it is currently used, is a consequence of them.

The very fact that this question may still be raised suggests that its answer
requires an examination of the foundations of thermodynamics to a depth well
beyond that explored by pioneers of the subject. To cite only a few examples of
studies already mounted in this direction we might mention important work by
GuURTIN and WILLIAMS [GW], by DAy [D1] and by CoLEMAN and OweN [CO].
Because more recent efforts by SERRIN [S1-S3] and by SiLmavY [S4] bear a
particularly close relation to ours, we wish to say a few words about each.

The work contained here was motivated by a conversation with JAMES SERRIN
in the late spring of 1978. At that time SERRIN explained how, for each process
suffered by a body, heat exchange between the body and its exterior could be
codified in the form of a signed measure on a presupposed one-dimensional
hotness manifold endowed with a total order. Moreover, he indicated how various
classical statements of the Second Law could be invoked in terms of such measures
and how, by also invoking a union axiom and existence of certain archetypal
materials, one could deduce existence and uniqueness of a continuous positive-
valued function on the hotness manifold that plays the role of temperature in the
Clausius inequality.

Shortly thereafter it occurred to us that, in the context of SERRIN’S formulation,
similar results could be obtained directly on the basis of somewhat different
hypotheses by means of those versions of the Hahn-Banach Theorem which assert
that certain pairs of convex sets in a topological vector space admit separation
by a hyperplane. In July of 1978 we prepared for SERRIN some notes to this effect
[FL]. These contained early versions of results reported here as Theorem 4.1
(existence of Clausius temperature scales) and Theorem 9.1 (uniqueness of Clau-
sius temperature scales). Because SERRIN’S results remained unpublished, we made
no attempt to publish ours.

We mention all of this because SERRIN’S work and ours have since evolved
in directions sufficiently distinct that the current difference between the two may
obscure their common origin in SERRIN’S ideas as they stood in early 1978. We
wish to acknowledge not only this but also the interest SERRIN has shown in
our work and his encouragement of it.

At the same time we should also call attention to recent publications of
SiLaavy [S4]. Working independently, he too realized that separation theorems
of the Hahn-Banach type might provide the basis for certain classical results of

* In the second chapter of The Character of Physical Law, Feynman [F] suggests
that extrapolations of this kind are not only common in physics but also essential to
its progress.
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thermodynamics. Indeed his arguments for the existence of Clausius temperature
scales are similar but not identical to those in our 1978 notes. Readers interested
in results contained here are encouraged to study SILHAVY’S work as well.

We turn now to a description of work contained in this article. As has been
mentioned, our focus will be on foundations underlying the Clausius inequality.
In order that we might describe at least some of our objectives it will be useful
to consider two crude and imprecise statements intended to reflect ideas normally
associated with that inequality. One is a statement of existence, while the other
is a statement of uniqueness.

(A) There exists a positive-valued temperature scale that gives temperature as
a function of state and, for cyclic processes, satisfies the Clausius inequality

dg
f7§m (1.1)

“dg denoting the element of heat received from external sources and T the
temperature of the part of the system receiving it.” *

(B) This temperature scale is unique (up to multiplication by a positive constant).

Statements like these, to the extent they can be made precise and proved,
take on whatever truth they have only within the framework of a well defined
thermodynamical theory, and it is only within such a context that their validity
can either be confirmed or denied. Thermodynamical theories, however, are of
many kinds: There are theories of reversible processes suffered by arbitrary ma-
terials, theories of arbitrary processes suffered by special materials, and so on.
Not only may the bodies and processes admitted for consideration vary from one
theory to another, so may the manner in which the notion of state is rendered con-
crete. Truths seemingly deduced solely on the basis of thermodynamical laws very
rarely are, for special and often tacit features of a particular theory—for example,
the presumption of an adequate supply of reversible processes—are almost in-
variably brought into play. Thus, it becomes difficult to distinguish between those
truths which, in some sense, cut across the full spectrum of thermodynamical
theories and those which require for their validity special conditions prevailing
only within certain theories.

With this in mind we wish to examine statements like those posited from
a rather broad perspective. We believe that most, if not all, special theories
based upon consideration of cyclic processes share features which, when suitably

* The integral is a calculation effected for the entire process. The interpretation
of symbols appearing in (1.1) is taken verbatim from the opening paragraph of Or
the Equilibrium of Heterogeneous Substances [G]. There GiBBs appears to have been
speaking of the more general Clausius-Duhem inequality rather than the special form
(1.1) it takes for cyclic processes. Although some writers interpret the symbol T in
(1.1) to be the temperature of the source of heat (typically regarded to be a system of
“heat baths™), we have jnvoked GiBBs’ words because they are closer in spirit to the
interpretation of the Clausius inequality we wish to examine.
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abstracted, permit analysis of those theories within a common framework. In
the spirit of work by COLEMAN and OWEN, we seek to develop a ““theory of theories”
which, for example, makes possible isolation of precisely those attributes a
particular theory must have so that within its framework one or another of the
two statements takes on validity. We shall be especially interested in separating
those aspects of the Clausius inequality that depend only on the force of the Second
Law from those that depend upon additional structure that might or might not
be present within a given theory. Insofar as all theories presumably have the
Second Law built into them, this will enable us to identify results which transcend
the details of special theories.

In Section2 we provide some mathematical preliminaries. In particular,
we state the version of the Hahn-Banach Theorem that plays a role in proof of
virtually every theorem in the main body of this article. When not used explicitly
it manifests itself in the guise of Lemma 6.1 or 6.2.

In Section 3 we abstract those features of theories of cyclic processes that will
concern us. It seems to us that if, within a particular theory, statements (A) and
(B) can be made precise and tested for validity two things are essential. First,
the notion of state must be rendered concrete within the theory. If temperature
is to be a ““function of state, then the domain of “‘states” on which that function
is to take values should be described clearly at the outset. Second, the cyclic pro-
cesses admitted for consideration within the theory should be delineated to the
extent that the integral in (1.1) can, at least in principle, be calculated for each.

With these ideas in mind we take a theory to be described by specification
of two sets, 2 and %, which carry the required information. A meaningful inter-
pretation of these must await Section 3. Here we can only attempt a vaguely
suggestive discussion.

The set X, called the set of state descriptions (or, less formally, the set of
states), serves to specify the manner in which states of material points are described
within a particular theory. Roughly speaking, elements of 2’ are the ‘“‘values”
states might conceivably take. Thus, in a theory of a particular gas, elements
of 2 might be pairs (p, v), where p is the pressure at a material point and v is the
specific volume. In a theory of an elastic solid, elements of %' might be taken to
be pairs (e, F), where e is the internal energy density and F is the deformation
gradient. In a theory that takes as primitive the existence of a hotness manifold,
elements of 2 might be taken to be the “hotnesses’ material points can experience.

In any case, we presume that 2 is endowed with a Hausdorff topology. More-
over, we presume throughout the main body of this article that X may be taken
to be compact. In effect we restrict our attention to processes in which no material
point experiences a state outside some fixed compact set, perhaps very large.
That we impose this restriction at the outset results from a decision to sacrifice
a degree of generality in exchange for a presentation substantially less encumbered
by technical considerations. To compensate for this we relax the compactness
assumption in Appendix E. There we show that, in the absence of compactness,
important theorems in the main body of this article require modification, and we
indicate what modifications need be made.

The set €, called the set of cyclic heating measures, carries information about
heat exchange in those cyclic processes a particular theory admits. With each
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such process there is associated a signed Borel measure on X' that provides an
account of net heat receipt by the body suffering the process according to the
states experienced by its material points as they exchange heat with the exterior
of the body. More precisely, if ¢ is the measure associated with a process and
A C 2 is a (Borel) set of states, then ¢(/1) is the net amount of heat received
during the entire process (from the exterior of the body) by material points
experiencing states in /. The set of measures derived in this way from all cyclic
processes admitted within a particular theory is what we call €. This rather terse
interpretation of ¢ is elaborated upon considerably in Section 3, where we also
attribute to ¢ a natural convexity property one would expect in a reasonable
theory.

The pair (2, ) taken to characterize a particular theory we call a cyclic
heating system (Definition 3.1). A Kelvin-Planck system is a cyclic heating system
that, in a sense made precise in Definition 3.2, respects the Kelvin-Planck state-
ment of the Second Law. In terms that are not quite precise a Kelvin-Planck
systems is a cyclic heating system for which no nonzero cyclic heating measure
takes non-negative values in every Borel set. Thus, if heat is absorbed by a body
suffering a cyclic process that body must emit heat as well.

In Section 4 we prove (Theorem 4.1) that every Kelvin-Planck system (X, %)
admits a continuous function 7:2X — P, P denoting the positive real numbers,
such that

d
f%é 0, Vgc%b. (1.2)
P

Such a function we call a Clausius temperature scale for the Kelvin-Planck system
(2, ). Existence of Clausius temperature scales follows directly from the defi-
nition of a Kelvin-Planck system by means of a straightforward application
of the Hahn-Banach Theorem. No additional apparatus (Carnot cycles, reversible
Dprocesses, equilibrium states, existence of special materials) need be brought into
play. Theorem 4.1 also asserts that if, for a cyclic heating system (2, %), there
exists a continuous function 7:2X — P that satisfies (1.2), then (X, ¥) must be
a Kelvin-Planck system. In this sense belief in the Kelvin-Planck Second Law,
to the extent that it is expressed in Definition 3.2, is equivalent to belief in the
existence of a Clausius temperature scale.

Unigueness of a Clausius temperature scale is a very different matter. For a
given Kelvin-Planck system (2, ¥), the set of continuous functions 7:2 — P
that might satisfy condition (1.2) is clearly tied to the supply % of cyclic heating
measures and, therefore, to the supply of cyclic processes from which they derive.
In rough terms, the richer the supply of cyclic processes admitted within a particular
theory the more demanding condition (1.2) becomes and the smaller will be the
collection of functions that might qualify as Clausius temperature scales. Thus,
to ask for a Kelvin-Planck system that all its Clausius scales be constant multiples
-of some fixed one is to ask that the supply of cyclic heating measures for the system
be suitably rich.

Motivated in part by this idea we devote a good deal of the remainder of the
article to study of the relationship between the supply of cyclic heating measures
for a Kelvin-Planck system and properties of the collection of Clausius temperature
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scales the system admits. We postpone until Section 9 direct consideration of
issues connected with uniqueness of Clausius scales, for there are other important
issues that are more sensibly addressed beforehand. *

Sections 5-8 amount to an investigation of the notions of hotness and hotter
than. If, for a Kelvin-Planck system (2, %), we wish to refer to all continuous
functions T:X — P satisfying (1.2) as temperature scales, then we must show
that in some sense these functions convey information about the relative hotness
of material points as they manifest themselves in the various states contained in
2. This, in turn, requires that X' carry some “‘hotness structure” wherein it becomes
meaningful to say that two states in 2 are of the same hotness or that one is
hotter than another. Moreover, we would like such a structure to be posited
without recourse to the existence of Clausius scales so that we may subsequently
examine the extent to which the relative hotness of elements of X' is precisely re-
flected in the numbers the Clausius scales assign to them.

We wish to emphasize that we do nor take the notions of hotness or hotter
than as primitive. In particular, we do not insist for a Kelvin-Planck system (X, %)
that elements of X, the set of state descriptions, carry with them a presupposed
indicator of hotness. Rather, we take the position that questions concerning the
relative hotness associated with the various states should, to the extent possible,
be decided within the context of a particular theory by study of the processes
admitted by the theory. For a theory of cyclic processes described by a Kelvin-
Planck system (X, ¥) we regard any hotness structure carried by the set X to be
imposed by the set ¢, which codifies information about heat exchange in those
processes the theory admits.

By way of introduction to our discussion of hotness we provide Section 5.
There we merely review a fact which is well known to mathematicians but which
is either unknown or overlooked by some writers on thermodynamics: It is not
generally true that a total order relation on a set can be precisely reflected in a
real numerical scale. Thus, if for a Kelvin-Planck system (X, %) the set X' is given
some hotness structure wherein means are provided for deciding when two states
are of the same hotness or when one is hotter than another, there is no reason
to suppose in advance that this structure can be precisely reflected in any real
numerical scale, much less a Clausius temperature scale. This we take as something
to prove.

In Section 6 we begin our formal consideration of hotness by indicating
how, for a Kelvin-Planck system (2, %), the set ¥ serves to partition the set of
states 2 into equivalence classes called horness levels, each consisting of states of
identical hotness. The set of hotness levels is designated by the symbol H and is
given the quotient topology it inherits from 2. These constructions are effected
without recourse to the existence of Clausius temperature scales. A connection
between Clausius scales and hotness is drawn by Theorem 6.1. In rough terms
this theorem asserts not only that two states of identical hotness are assigned the
same temperature by every Clausius scale for (X, €) but also the converse: if two

* Readers wishing to proceed quickly from the existence question taken up in
Section 4 to the uniqueness question addressed in Section 9 can do so after reading
Section 6. In this case Remark 9.1 can be passed over without loss of continuity,
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states are not distinguished by any Clausius scale here must exist cyclic processes
such as to establish the two states to be of the same hotness.

Having indicated in Section 6 how, for a Kelvin-Planck system (Z, ¥), the
set € induces in 2 a set H of hotness levels, we consider in Section 7 how one
might give meaning to the idea that states in one hotness level are hotter than those
in another. There are various ways in which this might be done. In fact we examine
four slightly different hotter than relations one can give to H, each defined solely
in terms of the supply of cyclic processes as represented by the set € of cyclic
heating measures. In each case we examine how the resulting hotness structure
on H is reflected in the collection of Clausius temperature scales admitted by the
Kelvin-Planck system (X, €). In very rough terms, the theorems of Section 7
not only indicate what properties each hotness structure imposes upon the Clausius
scales, they also assert that if the Clausius scales assign temperatures to hotness
levels in a certain way then the supply of cyclic processes must be sufficiently rich
as to impose a corresponding hotness structure on H.

In order to understand the purpose of Section 8 it is important to keep in
mind two things. The first is that, as an example in Section 5 demonstrates, a set
endowed with a total order need not be order-similar to a subset of the real line.
The second is that, in the context of this study, the set H of hotness levels for a
Kelvin-Planck system emerges from Section 6 as a defined object: the hotness
levels are equivalence classes of states in 2 induced solely by the supply € of
cyclic heating measures, and the set H inherits its topology from that of X' in the
usual way. Because nothing is presumed about the topology of 2 other than it be
compact and Hausdorff, there is not much one can say of a general nature about
the topology of H other than that it too must be compact and Hausdorff.

In Section 8, however, we show the following: If 2 is a metric space and ¥
is sufficiently rich in cyclic heating measures as to totally order H even with
respect to the weakest hotter than relation defined in Section 7 then it can only
be the case that H is both homeomorphic and order-similar to a subset of the real
line; in particular, if X is connected then the set of hotness levels must be homeo-
morphic and order-similar to an interval of the real line. These same results obtain
whether or not X is a metric space provided that H is totally ordered by any but
the weakest of the hotter than relations discussed in Section 7; moreover, every
Clausius scale reflects the order precisely.

Finally we turn in Section 9 to consideration of those properties a Kelvin-
Planck system must possess in order that all its Clausius temperature scales be
identical (up to multiplication by a positive constant). We remarked earlier that
in order for all the Clausius scales for a Kelvin-Planck system (X, €) to be essential-
ly identical the set € of cyclic heating measures should, in some sense, be suitably
large. This is to say that any theory purporting to yield an essentially unique Clau-
sius temperature scale should admit an appropriately large supply of cyclic pro-
cesses. Indeed the classical argument for uniqueness (and existence) of a Clausius
temperature scale presumes that, for any pair of hotness levels one might wish
to consider, a Carnot cycle can be made to operate between them. Thus, the classi-
cal argument suggests that a suitably rich supply of (reversible) Carnot cycles
is sufficient to ensure that all Clausius temperature scales are constant multiples
of some fixed one.
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In Theorem 9.1 we assert that for all Clausius scales for a Kelvin-Planck
system to be essentially identical it is not only sufficient but also necessary that
the system be equipped with Carnot elements operating between every distinct
pair of hotness levels. (In terms that are not quite accurate, a Carnot element for
a Kelvin-Planck system (2, €) is a cyclic heating measure in ¥ whose negative
is also in ¥ and which characterizes a process wherein heat is absorbed entirely
within one hotness level and emitted entirely from another.) In a sense made precise
by Remark 9.2 we also assert that for a Kelvin-Planck system (2, ) to admit
an essentially unique Clausius scale it is not only necessary that every hotness
level manifest itself in some Carnot element so must every state in 2. The corollaries
to Theorem 9.1 draw additional conclusions about the supply of reversible and
irreversible processes in Kelvin-Planck systems for which all Clausius scales are
positive multiples of some fixed one.

Existence and uniqueness of Clausius scales are, of course, very different things,
and it should come as no surprise that conditions necessary for one are largely
superfluous to the other. Theorem 4.1. ensures the existence of at least one Clau-
sius temperature scale for any Kelvin-Planck system. In this sense existence of
Clausius temperature scales follows directly from the Second Law (as expressed
by Definition 3.2) without the intervention of Carnot cycles, reversible processes,
quasi-static processes or any other conceptual apparatus normally built into standard
existence arguments. There is nothing in Theorem 4.1 to support the position of
those orthodox thermodynamicists who would argue that a Clausius temperature
scale can have as its domain only those states which might manifest themselves
during the course of a reversible process. These same thermodynamicists should,
however, find comfort in Theorem 9.1, which suggests that the presence of re-
versible processes—and Carnot cycles in particular--is inextricable in any theory
that yields for a Kelvin-Planck system an essentially unigue Clausius temperature
scale. Moreover, Remark 9.2 suggests that in such a theory every state in the
domain of the Clausius scale must manifest itself in some Carnot cycle. Thus, it
appears that orthodox critticism should be directed not at those applications
which require only the existence of a Clausius temperature scale but rather at
those which invoke unigueness as well. *

In Section 10 we make some concluding remarks. In particular we briefly
discuss prospects for future work on foundations underlying the Clausius-Duhem
inequality.

We conclude this section with some words of advice for physical scientists
who might wish to study ideas contained here but who, in glancing at the pages
of this article, feel insufficiently trained in modern mathematics to attempt even

* The assertions made in this paragraph, like all others in this introduction, are
intended only to convey the general sense of our results; they are not intended to be
precise and complete statements of them. In particular, we wish to remind readers that
compactness of the set of states is presumed for every Kelvin-Planck system considered
in the main body of this article. When the compactness assumption is relaxed, questions
concerning both existence and uniqueness of Clausius scales become somewhat more
complicated ; these are taken up in Appendix E.
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a superficial reading. In fact, the amount of mathematical knowledge needed
to achieve a reasonable understanding of this work is not so formidable as might
be supposed.

Readers equipped with some knowledge of modern linear algebra should be
able to grasp the outline of the theory once it is understood that the space .#(2)
in which we work is a vector space that has many features in common with the
more familiar vector space R”. Indeed, the Hahn-Banach Theorem serves to specify
some of those common features. At least with respect to certain issues, then,
arguments about .#(2) can be made in the same way they are made about R".

While vectors in R” are sequences of real numbers, vectors in .#(2) are real-
valued Borel measures on a topological space 2. Thus, the reader should know
something about topological spaces and what one means by a real Borel measure
on such a space. The reader should also know something about integration of
continuous functions with respect to Borel measures. However, a rudimentary
knowledge of these things is all that is required for a reasonable understanding of
this article.

Pages 5-21 and 34-39 of the book by RUDIN [R1] provide a brief introduction
to topology, measure, and integration. The emphasis there is on positive measures.
We shall also deal with real measures (that is, measures that take both positive
and negative values), but the reader can think of a real measure as one obtained
by taking the difference of two positive measures. Once 1t is clear what is meant
by a real measure on a topological space 2, he should have little difficulty seeing
that the set .#(2) of all such measures, equipped with the obvious rules for addi-
tion and for multiplication by a real number, is in fact a vector space. Useful
facts about .#(2) are provided in the next section.

2. Notation and Mathematical Preliminaries

We denote the real numbers by R and the positive real numbers by P.
A relation > on a set X is a partial order on X if > is both

transitive: X >y, y > z2=Xx >z
and

antisymmetric: x>y =7y 3} x.

If > is a partial order on a set X there may exist elements x and y in X for which
we have neither x >y nor y > x. If we have either x >y or y > x then we
say that x and y are >--comparable. If all distinct x and y are >-comparable
then >~ is a total order on X. When X and X* are sets endowed with partial orders
> and *>-, respectively, then X and X* are order-similar if there exists a bi-
jective map f: X — X* such that

x>ye f(x)*> ).
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Let V be a vector space.T A set UC V is a cone if
xeUaeP=axecU.
The cone generated by a set U V, denoted Cone (U), is defined by
Cone (U): ={axe V| xc U, ac P}.
A set UCV is convex if '
xeUyeUde[0,1l=x+ (1 - yecU.

By the convex hull of a set U V' we mean the smallest convex set in V that
contains U. If U C V is a cone, then U is convex if and only if

xeUyeU=x+ycU.
A set UC V is a linear subspace if
xeUyeUoneR,feR=0ax+ fyecU.

Every linear subspace is a convex cone. The span of a set U C V is the smallest
linear subspace that contains U. A set U V is an affine hyperplane if there
exists a non-zero linear function f: ¥->R and a number y ¢ R such that

U={xeV|fx)=7}
and we say that the sets
xeV[fix)=y} and {xe V|f(x) =y}

are the (opposite) half spaces of the affine hyperplane U. An affine hyperplane U
separates two sets 4 C V and B V if A4 lies in one half space of U, B lies in
the other, and either 4 or B fails to meet U; the separation is strict if neither 4
nor B meets U.

A topological vector space is a vector space ¥ endowed with a topology such
that the maps

CoEV XVisx+yeV
and
(&, x)ERXVisaxc V

are continuous, If ¥ is a topological vector space we denote by «/(U) the topologi-
cal closure of the set U C V. When U is a cone, £(U) is also a cone; when U
is convex, ¢/(U) is also convex; and when U is a linear subspace ¢/(U) is also a
linear subspace. We use the symbol U to denote the closure of the cone generated
by U; that is, R

U: = of(Cone(U)).
Since the closure of a cone is also a cone it follows that, for each set U in a topo-

logical vector space, U is a closed cone. A Hausdorff topological vector space is
one in which the topology is Hausdorff. In such spaces the convex hull of the

t All vector spaces considered here are real vector spaces.
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union of a pair of compact convex sets is again compact. A topological vector
space is locally convex if every neighborhood of the zero vector contains a convex
neighborhood of the zero vector.

There are several versions of the Hahn-Banach Theorem. Those we shall
use are of the kind which assert that certain disjoint pairs of convex sets can be
separated by a closed affine hyperplane. Although another version will find use
in our appendices, we state here the only version we shall use in the main body
of this article,

Theorem 2.1. (Hahu-Banach) Let V be a Hausdorff locally convex topological
vector space, and let A and B be non-empty disjoint closed convex subsets of V
with B compact. Then there exists a continuous linear function f:V—>R and
a number v R such that

flay <<y for all ac A
and

J(b) >y for all be B.

In particular, if A is a cone then

f@ =0 for all ac A
and

f(b) > 0 for all bc B.

The last sentence of Theorem 2.1 is usually not made explicit, but it is an
easy consequence of the sentence preceding it. In fact we shall be concerned al-
most exclusively with the situation in which 4 is a cone. If 4 is not only acone
but also a linear subspace then the fact that —g is a member of 4 for every
a€ A implies that the function fin Theorem 2.1 must take the value zero every-
where on 4.

Let 2 be a compact Hausdorff space. By C(Z, R) we mean the vector space of
continuous real-valued functions on X, and we denote by C(Z, P) the subset
of C(2,R) consisting of those functions that take strictly positive values. By
A(X) we mean the vector space of real (signed) regular Borel measures on X,
and by #_,(X) we mean the convex cone in .#(2) consisting of those measures
that take non-negative values on every Borel set in 2. Note that .#_(X) contains
the zero measure. By .#", () we mean the set of measures in .#_,(X) of mass one;
that is,

MZ) =o€ M (D) o) = 1}.

It is easy to confirm that .#'.(X) is convex. For each o€ X we denote by &,
the Dirac measure concentrated at o; that is, for each Borel set B X

1 if GEB}
0 if c¢ B

Clearly, for each 0 €2 we have that §, is a member of .#' (X). By the support
of a measure » € .# (X), denoted supp », we mean the complement in 2 of
the largest open set of »-measure zero. In particular, supp d, = {o}.

o(B) = |
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Throughout this article it will be understood that #(X) is given the weak-star
topology (sometimes cailed the vague topology). This is defined as follows: For

each ¢¢€ C(Z,R) let ¢: H(2)—>R be the linear transformation defined by
)= [ dv.
z

The weak-star topology on .#(2) is the coarsest topology that renders ¢ continuous
for every ¢ C(2,R). Endowed with the weak-star topology, .#(2) has certain
properties we shall find useful: First, .#(Z) is a Hausdorff locally convex topo-
logical vector space. Second, every continuous real-valued linear function on
M(2)is of the kind ¢ for some ¢ € C(Z,R); thatis, if /: #(2)— R is continuous
and linear then there exists a (unique) ¢¢ C(X,R) such that

J) = fd)dv.
z

Finally, ' (%) is compact.
A useful reference for all the material contained in this section is the set of
lectures by CHOQUET [C1].

3. Cyclic Heating Systems and Kelvin-Planck Systems

Our entire study amounts to an investigation of a class of mathematical objects
called Kelvin-Planck systems. These in turn are members of a wider class of
objects called cyclic heating systems. In essence, a Kelvin-Planck system is a
cyclic heating system that is compatible with the Kelvin-Planck statement of
the Second Law.

We begin with formal statements of what we mean by a cyclic heating system
and by a Kelvin-Planck system. Although both definitions are brief they will
appear somewhat opaque at first glance. The balance of this section, however,
will be devoted to informal discussion in which we hope to make more transparent
the physical ideas our definitions are intended to carry.

It is worth repeating here that if X is a compact Hausdorff space then .#(2)
is the vector space of (signed) Borel measures on X and .#.. (%) is the subset of
A (2) consisting of all Borel measures on X that take non-negative values on each
Borel set.

Definition 3.1. A cyclic heating system consists of two non-empty sets:
(i) a set X endowed with a compact Hausdorff topology. Elements of X' are called
state descriptions or, less formally, states.

(i) a set € ML) such that the cone % C M2 defined by
% — of (Cone(%))

is convex. Elements of € are called cyclic heating measures.

Definition 3.2. A Kelvin-Planck system is a cyclic heating system (X, €) such
that
N M(Z)={0}.
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We begin our discussion of these definitions with a caveat. Words like body,
material point, and process do not appear in Definitions 3.1 and 3.2, nor will
they appear in any subsequent definitions, theorems, or proofs. They will, how-
ever, be used in this section and indeed throughout our entire narrative, but never
in an official capacity. Rather, they will be invoked in an informal way only to
guide the reader in connecting definitions with physical experience and to lend
interpretation to results that flow from those definitions. In any case these words
will always stand in relation to each other in a prescribed way: Bodies are deemed
to be composed of material points, and processes are suffered by bodies.

A thermodynamical theory is, for the most part, a theory of a particular
universe of material bodies taken together with specification of a class of processes
those bodies might admit. Such a theory might be of the grandest scope, as when
all possible processes suffered by all possible bodies are admitted for considera-
tion. On the other hand, such a theory might be a more restricted one in which the
universe of bodies considered is circumscribed, in which the processes studied
are circumscribed, or in which circumscriptions of both kinds are in force.

Because our interest here is in the Clausius inequality our focus will be on
theories concerned with cyclic processes—that is, with processes in which the
body experiencing the process is, in some sense, in the same condition at both
the beginning of the process and at its end. The universe of bodies under study
might be entirely general or it might be restricted to those bodies composed of
a particular material. The latter situation is the one we shall have most prominently
in mind as we lend interpretation to definitions and theorems.

We believe that most, if not all, theories based upon consideration of cyclic
processes share underpinnings which, if properly abstracted, permit analysis of
such theories within a common framework. Our definition of a cyclic heating
system is intended to abstract those objects which, for the purposes we have in
mind, serve to specify a particular theory.

The first of these objects is a set denoted by X and called the set of state
descriptions. The bodies under consideration in a particular theory are composed
of material points, and we take as a primitive idea that at each instant every
material point manifests itself in some state. Note that we shall not confine our
attention to theories of homogeneous bodies. That is, we admit the possibility
that at some instant two material points within a given body might be in distinct
states. In any case, we regard as an intrinsic part of a theory the specification of
the manner in which states of material points are afforded mathematical description.
By X' we mean the set of ““values™ these states* might possibly take in a particular
theory under consideration. Some examples will help clarify how X' is to be inter-
preted.

Consider a theory concerned with some universe of bodies, and imagine
that the theory presupposes the existence of a real-valued empirical temperature
scale. Then, for the purposes of the theory, the state of a material point might
be deemed to be suitably described solely by its temperature on that scale. Suppose
further that the processes under consideration are all cyclic processes wherein

* The word state will always refer to the condition of a material point within a
body. It will never be used in reference to the condition of the body as a whole.
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no material point experiences an empirical temperature below some value «
or above some value 8. In this case 2’ would be identified with the closed interval
[«, #], which could be very large.

In a theory of processes suffered by homogeneous bodies composed of a
particular gas the instantaneous state of a material point might be deemed to
be described adequately by specification of instantaneous values at that point
of both the pressure, p, and the specific volume, v. Thus, a state description
would be an element (p,v) € PxP. The processes under consideration might
be those in which no material point experiences a pressure or a specific volume
such that (p, v) lies outside some closed and bounded region K C PxP, perhaps
very large. In this case 2’ would be identified with the set KC PxP.

In a theory of bodies composed of a particular elastic material the instantaneous
state of a material point might be deemed to be described adequately by specifying
for that point instantaneous values of both the internal energy per unit mass, e,
and the deformation gradient, F, relative to some reference configuration. Here
F is a member of Lin (¥7), the vector space of linear transformations on three-
dimensional Euclidean space, #". In this case the state of a material point would
be identified with an element (e, F) in the vector space R & Lin (#7), which
we presume to be endowed with a suitable norm. If the processes under considera-
tion are such that ho material point experiences a state outside some closed and
bounded region D CR @ Lin (¥"), perhaps very large, we would identify X
with D.

In any case we shall assume that X, the set of state descriptions, is equipped
with a Hausdorff topology. Moreover, as in the preceding examples we shall
assume that X may be taken to be compact. In effect, then, we shall restrict our
attention to processes in which no material point experiences a state outside some
fixed compact set, perhaps very large. This presumption is built into Definition 3.1
in order that it might be stated explicitly at the outset once and for all.

We do not think it unreasonable to restrict attention to processes in which
the states material points experience are in some sense circumscribed. For ex-
ample, it is common for a thermodynamic theory of a particular material to be
of the kind in which states of material points are identified with elements of some
finite-dimensional Banach space. Moreover, the material under study is usually
presumed to be characterized by a collection of constitutive “functions of state”
that fix certain attributes of a material point once its state has been specified.
Implicit in this presumption is the idea that such functions have associated with
them a constitutive domain—that is, a subset of the ambient Banach space cor-
responding to states in which the posited constitutive functions (and indeed the
very means whereby states are described) are appropriate to the intended range
of the theory.

It is clear, then, that processes admitted for study should be limited to those
in which material points experience no state outside some region in the constitutive
domain. To require this region to be compact need not be unduly restrictive:
If the constitutive domain is bounded and is not terribly pathological, then the
compact region in question might be thought of as one that closely approximates
the entire constitutive domain.

That we require X to be compact results from our decision to present a clean
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and relatively simple study of reasonable breadth as against a more technical one
of even wider range. We must however caution the reader that, without modification,
important theorems stated in the main body of this article become false if the
presumption that X be compact is omitted. With this in mind we provide Appen-
dix E, in which we take up issues connected with the weaker requirement that X'
be locally compact.

Remark 3.1. We should acknowledge the importance of theories in which
states of material points are identified with elements of an infinite-dimensional
Banach space. We have in mind thermodynamic theories of materials with mem-
ory in which states are identified with a suitably normed space of history func-
tions [C2]. At least with respect to the norm topology such spaces are not Jocally
compact, and compact sets within them have empty interior. In this case, it is
somewhat more difficult to justify a study of cyclic processes in which material
points experience no state outside some fixed compact set. For materials with
memory, however, our compactness assumption may be less an issue than is the
existence of a supply of precisely cyclic processes rich enough to support a meaning-
ful theory based solely on study of them.

Having discussed the first set, X, required for specification of a cyclic heating
system, we turn now to consideration of the second set mentioned in Defini-
tion 3.1—the set € of cyclic heating measures. While X indicates the means by
which states of material points are afforded description in a particular theory,
the set ¥ C #(2) serves to describe features of the cyclic processes the theory
admits. To each such process there corresponds a cyclic heating measure which,
for the purposes we have in mind, encodes the nature of heat exchange between
the body experiencing the process and its exterior.

Because of its importance to all that we do, our discussion of cyclic heating
measures will be extensive. Here we indicate briefly what outline that discussion
will follow. First we indicate what we mean by a heating measure for a process
(not necessarily cyclic), and immediately thereafter we provide two broad-based
examples to illustrate how heating measures are constructed for processes. Then
we indicate what structure we expect of the collection of heating measures cor-
responding to all cyclic processes deemed to be admitted within a particular
theory.

Consider a theory concerned with a particular universe of bodies, and suppose
that states of material points are identified with elements of a Hausdorff topo-
logical space. The bodies in question admit certain processes; and, as before,
we confine our attention to those processes in which no material point experiences
a state outside some fixed compact set 2, Now we focus on one such process
experienced by some body in the universe under consideration. During the course
of the process material points may suffer changes of state and, moreover, the body
may receive heat from its exterior and emit heat to it. We would like to have
available a mathematical device for describing in a suitably refined way the nature
of heat exchange between the body and its exterior. In particular, we would like
that device to provide an account of net heat receipt according to the states ex-
Derienced by material points as they exchange heat with the exterior of the body.
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For this purpose we associate with the process a heating measure ¢ € M(X)
with the following interpretation: If A C X' is a Borel set of states then g(A) is
the net amount of heat received (from the exterior of the body) during the entire
process by material points experiencing states contained within /. In particular,
#(2) is the net amount of heat absorbed by the body during the course of the
process.

In order that the notion of heating measure might be made more concrete
we indicate how heating measures are constructed for processes in two somewhat
different contexts.

Example 3.1. (Nineteenth Century Thermodynamics of Homogeneous Processes).
Consider a theory concerned only with processes suffered by homogeneous bodies
composed of a certain gas. That is, the processes under study are such that at
each instant all material points of the body suffering the process are in the same
state. We suppose that states of material points are identified with elements
(p, v) € PXP, where p denotes the pressure and v the specific volume.* More-
over, we presume that processes admitted for consideration are restricted to
those in which no material point experiences a state outside some fixed compact
connected set K PxP. Thus, we identify 2’ with K.

We take each process to be characterized by a smooth function ¢: % — 2|
where # is a closed interval of the real line. Here # may be construed to be the
time interval during which the process takes place, and the function o(-) may be
interpreted as one which gives the state o(¢) = (p(¢), (¢)) at eachinstant r¢€ J.**

For the gas we presume the existence of constitutive functions f:2 —R
and g:2—R, both continuous, such that for any process, characterized say
by o(:) = (p(-), v(:)), the net rate of heat receipt by the body suffering the process
is at each instant

M), o(1) p(E) + g(p(e), o(8) (D)1

Here M denotes the mass of the body and the dot indicates differentiation. ***

* The theories we have in mind here are those considered by the 19th century
pioneers of thermodynamics as represented in the monograph by Truesdell and Bharatha
[TB]. There states are identified with pairs (9, v) where ©® denotes a temperature and
v the specific volume. In our example we choose to identify states with elements (p, v)
only to suggest that state descriptions need not carry with them a preconceived notion
of hotness. For us hotness will emerge as a defined entity.

** This interpretation is given for didactic purposes only. In fact, o: # — X need
only be regarded as a parameterization of the oriented curve o(#). That we require
o(-) to be a smooth function does not imply that the curve o(.#) need be smooth.

*** Consider for example a perfect gas such that the isochoric molar specific heat,
¢,, is independent of state. Then

fp,0) =% and g(p,u)=(%+;)p,

where R is the perfect gas constant.
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Now consider a process suffered by a body of mass M, and suppose the
process is characterized by the function ¢:.# — 2. Thus if 4 C2 is a Borel
set of states, o~ () is the (Lebesgue measurable) set of instants at which material
points experience states within /. We construct the heating measure, ¢ € M(L),
for the process as follows: For each Borel set A4 (2 let

g()y=M f(A)[f (p(), v(1) p(8) + g(p(1), v(®) v()] dt.
Thus, #() is the net amount of heat received by the body only at those instants
during which its material points experience states contained in /1.

In this example the state of a material point is specified by two scalar attri-
butes, the pressure and the specific volume. For theories of homogeneous
processes in which the state or a material point is specified by several scalar
attributes construction of heating measures for processes proceeds in the same
way.

Example 3.2. (Continuum Thermodynamics). Consider a theory concerned with
a universe of bodies, say all bodies composed of a prescribed material, and suppose
that states of material points are identified with elements of a Hausdorff space.
The processes under study are restricted to those in which no material point
experiences a state outside some fixed compact set 2.

Here we take a body to be a set # (of material points), and parts of the body
are identified with members of a o-algebra of subsets of #. Now we consider a
process suffered by body 2. With this process we associate:

(i) a closed interval # C R, to be interpreted as the time interval during which
the process takes place;

(i) a real-valued (signed) measure 4 on %X .# with the following interpretation:
for each part P # and each Lebesgue measurable set 7 C F, A(PxI)
is the net heat receipt (from the exterior of %) by part P during instants
contained in I;*

(iii) a measurable function ¢: % x.# — 2, where o(X, t) is to be interpreted as
the state of material point X at instant z.

The heating measure, ¢ € #(X), for the process is constructed as follows: For
each Borel set 4 (X

g(A) = #(o= (D).

In rough terms, then, #(A) is the net amount of heat received (during the process
from the exterior of &) only by parts of # experiencing states contained within .

Next we consider what structure might be expected of the collection
of heating measures corresponding to cyclic processes within a particular theo-

* The means we employ here for describing heat exchange between parts of the
body and its exterior is similar to that employed on various occasions by GURTIN,
NoLL, and WiLLiaMs [GW, N1].
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ry.* Thus, we consider a theory concerned with a universe of bodies, and we
suppose that states of material points are identified with elements of a Haus-
dorff space. The cyclic processes under consideration are, as before, restricted
to those in which no material point experiences a state outside a fixed com-
pact set X.

For the purposes of the discussion immediately following we identify such
a process with a pair (z, ) € Px #(X). Here t is to be interpreted as the duration
of the process—that is, the time elapsed between the beginning of the process
and its end, and ¢ is to be interpreted as the heating measure for the process.
Thus, for our immediate purposes the collection of cyclic processes will be iden-
tified with a set £, C Px.#(2).

We presume the set 2, to have certain properties:

Property 1. If (7, ¢) and (7, ¢') are members of &,, then (7, ¢ + ¢') is also
a member of 2,.

Property 1 is a feature one would expect, for example, in a theory compatible
with what SERRIN has called the union axiom [S1-3)]. This might be explained
informally in the following way: Suppose that (7, #) € . corresponds to a cyclic
process suffered by one body in the theory under consideration and that (7, ¢') € 2
corresponds to a cyclic process suffered by another such body, not necessarily
distinct from the first. Because the two processes have the same duration we can
execute the two processes simultaneously (using perhaps copies of the original
bodies), one in Paris and the other in Rome. In this case the “union” of the two
separate bodies may be viewed as a third body which has suffered a cyclic process
of duration v with heating measure ¢ + ¢’". Thus, we would expect (z, ¢ -+ ¢)
to be a member of 2, **

Of course in this discussion we are presuming that the “union” of any two
bodies, both admitted for consideration in the theory under study, is again a body
admitted for consideration. Moreover, we are presuming that whenever two
processes (of the same duration) are admitted for consideration in the theory,
then so is the “union process” constructed from them as indicated. It is this pair
of presumptions that lies at the heart of SERRIN’s umion axiom.

Property 2. Xf (z, ) is a member of 2, and n is a positive integer, then (n7, ng)
is also a member of £ .

* The precise sense in which the term “‘cyclic process™ is to be understood will
be less important than will be the properties of the collection of heating measures we
deem to correspond to cyclic processes. Readers who wish to do so might suppose that
by a cyclic process we mean one in which each material point is in the same condition
at the end of the process as at its beginning. This is easy to make precise in the contexts
of Examples 3.1 and 3.2.

** We required the simultaneous processes to be run in Paris and Rome only to
suggest that the processes be executed in such a manner that the two bodies exchange
no heat with each other.
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Here we invoke the following idea: If (7, )€ &, corresponds to a cyclic
process admitted in the theory under consideration, then a new process constructed
from the first by repeating it » times in succession should also be admitted. The
resulting process would be of duration nt and have associated with it the heating
measure ng. Thus we should expect (#7, ng) to be a member of 2.

Property 3. Let (7, ¢) be a member of 2., and let 2 C .#(2) be a neighbor-
hood of ¢. Then there exists a neighborhood of 7, say @ C P, with the following
property: For each '€ w, (7, ¢') is a member of 2, for some ¢’ € L.

Property 3 has the following rough interpretation: If, in the theory under
consideration, there exists a cyclic process of duration 7 with heating measure ¢
and if T is a number close to = the theory should also admit a cyclic process of
duration 7" with heating measure ¢’ close to ¢.

Now we denote by €4 the collection of cyclic heating measures for the theory
under consideration. That is,

€ ={gc M) (7, 9) € P, for some 7€ P}.

Thus, € is the set of all elements in .#(X) that are heating measures for cyclic
processes. If 2, enjoys Properties 1-3, then these impose a certain structure on %.
This is the subject of the following proposition, proof of which is provided in
Appendix A.

Proposition 3.1. Let X be a compact Hausdor[f space, let P, PX .M (2} be
a set having Properties 1-3, and let € C M#(X) be defined as above. Then the

cone € C M(X)  defined by

€ = of [Cone (%)]
is convex.

This completes our discussion of Definition 3.1. In summary, then, specifi-
cation of a cyclic heating system amounts to specification of those objects in a
particular theory of cyclic processes that will be of interest to us. The (compact)
set 2 indicates the means whereby states of material points are afforded mathe-
matical description, and the set ¥ C .#(2) indicates the heating measures that

correspond to cyclic processes the theory admits. That we require € to be convex
follows from Proposition 3.1 and the discussion preceding it.

Before turning to Definition 3.2 we wish to point out that, in the context of
the discussion preceding Proposition 3.1, some readers might have found it
natural to require still another property of the set #.:

Property 4. If (7, ¢) is a member of 2, and « is any positive number, then
(7', ug) is also a member of 2, for some 7' € P.

Were « restricted to be a positive integer Property 4 would amount to little
more than an easy consequence of Property 1. The requirement that Property 4
hold for any « € P might be supported with an argument of the following kind:
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If (z, ¢) corresponds to a cyclic process experienced by some body, then for any
« € P there should exist a ‘“similar” cyclic process, experienced perhaps by a
body of mass different from the first, with heating measure «¢. In very rough
terms this second process would be a ““scaled” copy of the first, perhaps of differ-
ent duration. (Note for instance that in Example 3.1 the heating measure for a
process is the product of the mass of the body experiencing it and a measure that
depends only on the function ¢:# — X that characterizes the process.)

We think it not unreasonable to invoke Property 4 in a general way, but we
also think it to be less compelling than Properties 1-3. If the set 2, does in
Jact enjoy Property 4 it is not difficult to see that €, the set of cyclic heating measures,
is a cone. Thus, readers willing to place Property 4 alongside Properties 1-3 as a
feature to be expected of a thermodynamic theory can, everywhere in this article,

replace the symbol Cone (%) by € itself. In particular, the symbol % canbe interpreted
as </ (6).

We turn now to discussion of Definition 3.2. A Kelvin-Planck system is a cyclic
heating system which, in a certain sense, respects the Kelvin-Planck statement
of the Second Law. In rough terms this version of the Second Law requires that
if, while suffering a cyclic process, a body absorbs heat from its exterior that body
must also emit heat to its exterior during the process. Whereas the First Law requires
that the ner amount of heat absorbed by a body in a cyclic process be the same as
the amount of work performed by the body, the Kelvin-Planck Second Law
precludes the possibility that a cyclic process might operate with perfect efficiency.
That is, heat supplied to the body cannot be converted entirely into work, for
there must be emission of heat from the body as well.

For a cyclic heating system (2, ¥) to be a Kelvin-Planck system we shall
require, among other things, that each cyclic heating measure ¢ € ¢ have the
following property: If, for some Borel set A (X, ¢(A) is positive, then there
must exist another Borel set A" C 2 such that ¢(A') is negative. Cast as a pro-
hibition, this statement requires that no non-zero cyclic heating measure be a
member of .# (2), the set of measures that are non-negative on every Borel set
in 2.

Therefore, for a cyclic heating system (X, ) to be a Kelvin-Planck system
we shall require that

€N M (X) is at most the zero measure. 3.1

For any «€ P and any ¢¢€ .#(2) it is clear that xy is a member of .# (X)
if and only if ¢ is. Thus, whether or not € is a cone, the condition (3.1) is equi-
valent to the condition

Cone (%) N\ A (X) is at most the zero measure. 3.2)

Although the equivalent conditions (3.1) and (3.2) imply that a cyclic heating
system (X, %) respects the Kelvin-Planck Second Law, we shall require something
more of a cyclic heating system before we call it a Kelvin-Planck system.

We want our definition of a Kelvin-Planck system to carry with it the impli-
cation that cyclic processes not only obey the Second Law but also that they do
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not come arbitrarily close to standing in violation of it.* There are two ways in
which we might try to make this precise. The first and most obvious way is to
strengthen (3.1) by insisting that

f (€)Y N M, (X) is at most the zero measure, (3.3
The second way is to strengthen (3.2) by insisting that
o/ (Cone (¥)) N\ M (X) is at most the zero measure. 3.4)

Note that if ¥ is a cone then (3.3) and (3.4) are equivalent. In light of remarks
made earlier there is no distinction between (3.3) and (3.4) for readers willing to
invoke Property 4 in a general way.

While conditions (3.1) and (3.2) are equivalent whether or not % is a cone,
conditions (3.3) and (3.4) need not be equivalent if € is not a cone. It is only for
readers who find Property 4 less than compelling that we need discuss the dis-
tinction between (3.3) and (3.4) and why we prefer one to the other. We proceed
by way of a hypothetical example.

Example 3.3. (4 Hypothetical Two-State Substance). Although the vector
space .#(2) in which the sets € and .# (2) reside will generally be infinite-dimen-
sional, it is instructive to consider the distinction between statements (3.3) and
(3.4) in a model situation constructed in R2. For this purpose we consider a
‘“play”’ substance, material points of which manifest themselves in only two states,
designated ¢, and o¢,. Moreover, we suppose that material points in state o,
are incapable of emitting heat and that material points in state o, are incapable
of absorbing heat.

Here we take X = {0y, 0,}, and we identify .#(X) with R2. That is, a heating
measure for a process suffered by a body composed of our substance is identified
with a vector ¢ = (g,, ¢,) € R?, where g, is the amount of heat absorbed by
material points in state ¢, and —g, is the amount of heat emitted by material
points in state o,. Thus, the net amount of heat absorbed during the process is
q: + g,. If the process is cyclic this quantity is, by the First Law, identical to
the net work performed by the body during the process.

For the purposes of our example we suppose that heating measures for cyclic
processes admitted by our play substance are given by the set

% = {(m, —n) €R? | m and n are positive integers},
and we identify .#,(2) with the non-negative quadrant of R2:
J{+(2) = {(xl, ')CZ)GIR‘2 ] Xy g 03 X2 :>:_ 0}-

It is easy to see that both € and Cone (%) fail to meet .#_,(X). On the other hand
we have

of (€) = € and </ (Cone (%)) = {(xy, x2) €ER?* | x; = 0, x, < 0}.

* See Remark 3.2 for further discussion of this requirement.
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It is clear that o/ (%) fails to meet .# (X), but </ (Cone (%)) intersects .#_.(X)
along the half line {(x;, 0)€R?|x, = 0}.

Thus, our model cyclic heating system (2, ¥) respects condition (3.3) but not
condition (3.4). The situation here might be roughly described in the following
way: Even though the set ¥ does not come arbitrarily close to meeting .# (2),
members of ¥ nevertheless come arbitrarily close to being ‘“positive in direction™.
This has implications for the efficiency that might be achieved in a cyclic process.
By the efficiency of a cyclic process with heating measure ¢ = (m, —n) we mean
the net work performed by the body (m — n) divided by the heat supplied to the
body (m). Note that

sup {(m — n)/m | (m, —n) € €} = 1.

Therefore cyclic processes can come arbitrarily close to achieving perfect effi-
ciency, this despite the fact that of (€) N\ M (X)), is empty.

However hypothetical might be the example just considered we think it
makes clear in a simple way the distinction between (3.3) and (3.4). Moreover, we
think the example also makes clear why statement (3.4) is to be preferred in making
precise the requirement that a cyclic heating system not come arbitrarily close to
reflecting a violation of the Kelvin-Planck Second Law. The statement (3.3) is by
itself too weak to carry any stricture against approach to perfect efficiency in
cyclic processes. Insofar as efficiency in cyclic processes is measured by the ratio
of net heat absorption to absolute heat absorbtion, any such stricture must
ultimately be cast in terms of the direction in .#(2) along which cyclic heating meas-
ures might lie. In effect, the stronger statement (3.4) ensures that cyclic heating
measures not come arbitrarily close to being “positive in direction”.

With this in mind we take a Kelvin-Planck system to be a cyclic heating system
that respects statement (3.4). Although we have not insisted that ¥ contain the
zero measure, it will nevertheless be the case that </ (Cone (%)) contains the zero
measure. Since .# (X) also contains the zero measure, statement (3.4) can always
be written as

¢f (Cone (E)) N M (X) = {0}. 3.5

This completes our discussion of Definition 3.2.

Remark 3.2. The notion of heating measure for a process, so central to what
we do here, was suggested by a conversation with JAMES SERRIN in the spring
of 1978. What we call heating measures were, for SERRIN, defined on a pre-
supposed one-dimensional hotness manifold. * That we take heating measures to
be defined on a more general set of state descriptions should not obscure the fact
that our use of heating measures was inspired by SERRIN’S. The idea that various
versions of the Second Law could be cast in terms of heating measures is also due to
SERRIN.

* More recently SERRIN’S work has been cast less in terms of heating measures
than in terms of “accumulation functions’ on the hotness manifold [S2, S3]. Neverthe-
less, his use of heating measures was explicit in a lecture published in 1977 [S1].
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Whereas we require that no positive measure even be approximated by cyclic
heating measures, our condition (3.5) reflects a somewhat stronger statement of
the Kelvin-Planck Second Law than does the one SERRIN proposed (roughly, our
condition (3.1)). It seems to us, however, that the stronger version merely renders
explicit a presumption invoked implicitly in thermodynamic theories based on
study of idealized processes. Standard textbook arguments rest heavily upon
consideration of reversible processes which are approximated by real processes
but which cannot themselves be realized. It is invariably presumed that such
processes, fictitious though they are, should also be subject to the Second Law.
In this sense the classical theories require that the Second Law be obeyed not only
by real processes but also by those idealized processes the real processes approxi-
mate.

Remark 3.3. The reader might wish to keep in mind that a cyclic heating
system is as much a description of a thermodynamical theory as it is a description
of the material universe the theory purports to capture. We can imagine, for ex-
ample, different theories of cyclic processes that might be suffered by homogeneous
bodies of a perfect gas. In one theory the state of a material point might be describ-
ed by a pair (p, v), where p is the pressure and v is the specific volume. In another
theory the state might be described by a pair (6, v), where v is again the specific
volume and @ is an empirical temperature given, say, by a continuous monotonical-
ly increasing function of pv. In still another theory the state may be taken to be
described solely by the empirical temperature.

In certain instances two superficially different theories might result in essentially
identical cyclic heating systems, as when the two sets of state descriptions are
identical up to homeomorphism and differences in the two sets of cyclic heating
measures merely reflect the corresponding change of variable. (Consider, for ex-
ample, the first two theories desribed in the preceding paragraph). In other in-
stances two different theories of the same material universe might result in essen-
tially distinct cyclic heating systems with somewhat different mathematical prop-
erties. For example, the sets of state descriptions for the first and third theories
described in the preceding paragraph would not generally be homeomorphic.

4. The Existence of Clausius Temperature Scales

In this section we show that the existence of a Clausius temperature scale
for a Kelvin-Planck system is an immediate consequence of the Hahn-Banach
Theorem. No special features of the system need be brought into play.

Theorem 4.1. Let (X, ¥) be a cyclic heating system. Then the following are
equivalent:

(i) (2, ¥) is a Kelvin-Planck system
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(ii) There exists a continuous function T:2X— P such that

[z

Jor every cyclic heating measure ¢ € .

Proof. We shall prove first that (i) implies (ii). If (X, ) is a Kelvin-Planck
system % intersects .#.(2) only in the zero measure. In particular the closed convex

cone ¥ is disjoint from the convex compact set .4’ (X). Since .#(X) is a Hausdorff
locally convex topological vector space, Theorem 2.1 ensures the existence of a
continuous linear functional on .#(X) that takes positive values on .#* (X) and

non-positive values on €. Moreover, every continuous linear functional on .# (X)

is of the kind ¢ for some ¢ C(%,R). (Recall Section 2.) Thus, there exists a
function ¢¢€ C(2,R) such that

$)= [$do>0, Vocli(Z) @1
P
and ~ )
§e)= [¢dr =0, Vuc. “2)

It follows from (4.1) that ¢(¢) > 0 for every o< X': since the Dirac measure
8, is a member of .#% (X) we have

$(0) = [ $do,>0.
=

To obtain (ii) we need only let 7: X'— P be the reciprocal of ¢, invoke (4.2),
and observe that € is contained in €.
Next we prove that (ii) implies (i). Let T:2X— P be as in (ii), let ¢: X > P

be the reciprocal of T, and let ¢ : #(X)— R be the continuous linear functional
induced on .#(X) by ¢. That is, let

(;(U)E.[d)dv:: d—;f.

Since ¢ is positive-valued it is clear that ¢(U) is pos1t1ve for every v € M (2 {0}
Moreover, it follows from (ii) and the llneanty of ¢ that ¢(zx¢) =< 0 for every
€% and every acP\U{0}. Thus ¢~1(P) is open, contains .#.(Z)\ {0},
and contains no element of Cone (¥). Therefore the complement in #(X) of
¢~1(P) is closed, contains Cone (%) (and hence its closure %) and does not meet

A (X) except at the zero measure. Consequently, % = of (Cone (¥)) meets
M (X) only at the zero measure so that (X, %) is a Kelvin-Planck system. This
completes the proof of Theorem 4.1.

Theorem 4.1 is similar in spirit to and, in fact, was motivated by SERRIN’S
Accumulation Theorem [S2, S3]. However, the existence of temperature scales
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satisfying the Clausius inequality emerges in the two theorems from different
premises in markedly different ways. Readers unfamiliar with SERRIN’S theorem
are encouraged to see [S2] for a every readable account and, for more detail,
[S3]. More general versions of the Accumulation Theorem are given in [COS]
and [O].

Definition 4.1. For a Kelvin-Planck system (X, %) any continuous function
T:X—~P such that

x

f{—go, VgcEg,

z

will be called a Clausius temperatare scale on X. For each o€ 2 the positive
number T(a) will be called the temperature of state o on the scale T. When (2, %)
is a Kelvin-Planck system under study we shall denote by T the set of all Clausius
temperature scales on X. That is,

dy
f:{TEC(Z,P)[ Z <o, V;ze(g}.
I

Remark 4.1, Our proof of Theorem 4.1, (ii) = (i), indicates that any Clausius
temperature scale for (X, ¥) will in fact satisfy the stronger requirement

Yo, Vyc@
!?:, g€6.

That is, 1/7 will not only integrate non-positively against all cyclic heating mea-
sures, it will also integrate non-positively against all measures in the closure of the
cone generated by the cyclic heating measures.

Remark 4.2. Let 7:X— P be any Clausius temperature scale for a Kelvin-

Planck system (2, %). If both 4 and — ¢ are elements of € it is an easy consequence
of Remark 4.1 that
dy

[7=0

Remark 4.3. Theorem 4.1 ensures the existence of at least one Clausius
temperature scale for a Kelvin-Planck system (2, €). In general there will be
many: If 7(-) is a Clausius temperature scale then, for any « € P, «T(-) is another.
In fact, if T(-) and 7,(-) are Clausius scales and «, and «, are any positive num-
bers the function 75:X-—+ P defined by

1 B 1 1
o0 T | xaT50)

is again a Clausius temperature scale.
Without imposition of additional restrictions upon a Kelvin-Planck system
it need not be the case that all its Clausius temperature scales are positive scalar
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multiples of some fixed one. In Section 9 we shall provide conditions on a Kelvin-
Planck system that are both necessary and sufficient to ensure that all its Clausius
temperature scales are identical up to positive scalar multiplication. In the mean-
time we shall not impose any such requirement. Rather, we shall examine properties

common to all Clausius scales of a Kelvin-Planck system, whatever they may
be.

For a Kelvin-Planck system (2, €) each Clausius scale serves to partition X
into isotherms, these being maximal sets of states that have a common temperature
on that scale:

Definition 4.2. Let 7 be the set of Clausius temperature scales for a Kelvin-
Planck system (X, €). For each T€ 9 andeach o€ X the T-isotherm containing
o is defined by

i(0): = {o’ € X | T(') = T(@)}-

Remark 4.4. In the absence of assumptions on (X, €) it may be the case that
isotherms induced in X by 7€ F are different from those induced by 7'€ 7.
The problem of providing a condition on a Kelvin-Planck system that is both
necessary and sufficient to ensure that all its Clausius temperature scales induce
identical isotherms turns out to be somewhat delicate. This problem is almost
resolved by Proposition 8.2 and then is finally resolved by Corollary D.3 in Ap-
pendix D. In fact we shall have little need to deal with isotherms directly. We have
introduced them here primarily so that they might be distinguished from and
discussed in terms of hotness levels, which we regard to be more fundamental
entities.

Remark 4.5, It is perhaps worth noting that, in the context of Examples 3.1
and 3.2, the integral in Theorem 4.1 can be cast in what some may regard to
be more traditional form. In particular, if the measure ¢ defined in Example 3.1
is a cyclic heating measure of a Kelvin-Planck system with Clausius scale 7': X' —P,
then for the process described there we have

dy 1 . .
¥ ? = ;[m [f(p(t), U(t))P(t) + g(P(t), U(t)) o) dt < 0.

Similarly, if the measure ¢ defined in Example 3.2 is a cyclic heating measure
of a Kelvin-Planck system with Clausius scale 7:2 — P, then for the process
considered there we have

dy d4
2 [ ——=0.
JTT, Xj; T(o(X, 1))

5. A Remark on the Numerical Representation of Hotness

In the next section we shall begin our study of hotness. In particular we shall
render precise for a Kelvin-Planck system (2, ) the idea that two states o' €2
and o€ X are of the same hotness (denoted ¢’ ~ o). The relation ~ will in
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fact be an equivalence relation that serves to partition 2 into a set H of equi-
valence classes called hotness levels. Moreover, H will be given the usual quotient
topology. In Section 7 we shall indicate in precise terms when 4’ € H is hotter than
he H.

Underlying all the definitions we shall formulate is the view that properties
of and relations within a particular thermodynamic system should be consequences
of the processes that system admits. To the extent that cyclic processes might be
used to decide when two states are of the same hotness or when one is hotter than
another, these notions can be defined for a Kelvin-Planck system directly in
terms of its supply of cyclic heating measures without recourse to the existence
of Clausius temperature scales. Thus, the set ¥ for each Kelvin-Planck system
(2, %) will serve to partition X into a set H of hotness levels (equipped with the
quotient topology) and to determine when A’¢ H is hotter than A€ H.

Classical thermodynamics is permeated by what TRUESDELL [T2] called

... the silent prejudice all the pioneers of thermometry, calorimetry, and
thermodynamics accepted as a matter of course: Hotness may be represented
Jaithfully by points on the real line.”

In the context of this study we take such faithful representation to mean that,
when H is totally ordered by the hotter than relation given it, there exists a function
S+ H—R that, first, provides a homeomorphism between A and its image and,
second, preserves order strictly:

h' € H is hotter than h€ H< f(h) > f(h).

With a particular notion of hotter than posited, we take as something to
prove that such a function exists, that when H is totally ordered it is both homeo-
morphic and order-similar to a subset of the real line. The fact that there is indeed
something to prove has, we think, been obscured on one hand by the sheer weight
of historical presumption that hotness can be reflected faithfully in a numerical
scale and, on the other hand, by spurious textbook arguments purporting to
show that this must be the case. We cite as an example of such an argument a
few sentences from the textbook by DENBIGH [D2, p. 9], a book more carefully
constructed than most:

Now it is a fact of experience that a set of bodies can be arranged in a
unique series according to their hotness, as judged by the sense of touch.
That is to say, if 4 is hotter than B, and B is hotter than C, then A is also
hotter than C. The same property is shown also by the real numbers; thus
if n,, ny, and n, are three numbers such that n, > n, and n, > n,, then we have
also n, > n.. It follows thar the various bodies arranged in their order of
hotness can each be assigned a number such that larger numbers correspond
to greater degrees of hotness. The number assigned to a body may then be
called its temperature, but there are obviously an infinite variety of ways in
which this numbering can be carried out.
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The italics are ours. Not only is it not obvious that there are an infinite variety
of ways in which the numbering can be carried out, it is not obvious that there
need be any. It is not always true that the elements of a set endowed with a total
order can be numbered in such a way as to reflect that order faithfully. Although
we dress the following counterexample in physical clothing, its essential mathe-
matical content has been used elsewhere to make the same point.*

Counterexample. We identify the states of a hypothetical gas with ordered
pairs (p, v) of real numbers, where p denotes the pressure and v the specific
volume. Moreover, we restrict our attention to the set 2 of states such that both
p and v lie in the interval [1, 2]; that is, X' = [1, 2]x[1, 2]. We suppose that
our hypothetical gas is such that state (p’, v") is deemed hotter than state (p, v)
whenever p” > p and, if p’ = p, whenever v’ > ». Thus, no two distinct
states of 2" are of the same hotness, and the hotness levels in 2’ may be identified
with the elements of 2. The hotter than relation described is endowed with all
the properties normally associated with a total order, in particular the transitive
quality upon which Denbigh rests his argument. Nevertheless, there exists no
function f: 2R such that

(p', V") is hotter than (p, v) < f(p’, V") > f(p, V).

Proof. Suppose on the contrary that such a function fexists. For each p € [1, 2]
let I, CR denote the closed interval [f(p, 1), f(p, 2)]. If p’ > p then f(p’, 1) >
f(p,2) sothat I, N\ I, is empty. Hence the map p€ [1, 2] — I, gives a bijective
correspondence between numbers in the interval [1, 2] and the set of disjoint
closed intervals {I,|p€[1,2]}. We have a contradiction: Points in the interval
[1, 2] aré uncountable while the corresponding collection of disjoint closed inter-
vals is countable (since each interval can be identified with a rational number
contained within it).

Thus, to establish that the set of hotness levels for a particular system is order-
similar (much less topologically similar) to a subset of the real line it is not enough
merely to assert that the hotness levels are endowed with some total order. If such
similarity is to be proved as a general feature of a class of thermodynamic systems
that feature must derive from properties common to those systems and from a
precisely posited notion of hotter than.

Here, of course, the class under study will consist of the Kelvin-Planck systems.
Once specific notions of hotness level and hotter than are defined for them, each
such system will be endowed with a concrete hotness structure. Thus, we shall be
in a position to prove that—or at least examine conditions under which—the set
of hotness levels for a Kelvin-Planck system, when totally ordered by a specified
hotter than relation, is both homeomorphic and order-similar to a subset of the
real line.

* Tn particular, it was used by DEBREU [D3] in an essay beginning with these lines:
“It has often been assumed in economics that if a set ... is completely ordered by the
preference of some agent, it is always possible to define on that set a real-valued order-
preserving function (utility, satisfaction). This is easily seen to be false.”
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Tt is natural to expect that the Clausius temperature scales for a Kelvin-Planck
system should play a role in establishing such topological and order similarity.
Whereas we shall regard any hotness structure for a Kelvin-Planck system as
deriving directly from its supply of cyclic heating measures, we shall be left to
consider the extent to which the Clausius temperature scales reflect that structure
precisely. That is, we shall be interested in learning not only how the hotness
structure of a Kelvin-Planck system restricts the nature of its Clausius tempera-
ture scales; we shall also want to know what the Clausius temperature scales tell
us about its hotness structure and, therefore, about the supply of cyclic processes
from which that structure derives.

6. Hotness

In this section we render precise for a Kelvin-Planck system (X, €) the idea
that two states o’'€ X and o€ are of the same hotness (denoted o' ~ o).
Our definition is stated solely in terms of the supply % of cyclic heating measures
for the system at hand and does not draw upon the existence of its Clausius
temperature scales. Thus, we shall be in a position to examine the extent to which
the Clausius temperature scales reflect the fact that two states are of the same
hotness. In particular, the equivalence relation ~ will serve to partition 2’ into
equivalence classes called horness levels, and we can examine the relationship
between these and the isotherms induced in 2’ by the individual Clausius tempera-
ture scales.

Definition 6.1. For a Kelvin-Planck system (X, %) we say that two states
o' € and oc X are of the same hotness (denoted o' ~ o) if both 6, — O,

and 8, — 0, are elements of €.

We note that the definition does not require J, — d,» and its negative to be
members of ¥, the set of heating measures corresponding those cyclic processes

the bodies under study might admit. Rather, they are required to lie in ‘%, which
is to say that d, — 6, and dy — 6, need only be approximated by members
of the cone generated by €. In rough terms the conditions ¢ ~ ¢ might be inter-
preted as follows: Among the set of cyclic processes for the system under study
are those in which, to good approximation, heat is absorbed [emitted] only by
material points in state o’, heat is emitted [absorbed] only by material points in
state o, and the ratio of the quantity of heat absorbed to that emitted is one.

The following theorem ensures for a Kelvin-Planck system not only that two
states of the same hotness are indistinguishable on every Clausius temperature
scale but also that, if two states are not distinguished by any Clausius temperature
scale, the system must be sufficiently rich in cyclic processes as to establish the two
states to be of the same hotness.

Theorem 6.1. Let 0 €2 and o' € X be two states of the Kelvin-Planck system
(X, €). Then the following are equivalent:
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(i) o and o' are of the same hoiness.
(ii) T(o) = T(c") for every Clausius temperature scale T€ T

Although the proof that (i) implies (ii) is immediate, the proof that (ii) implies
(1) is less so. For this reason we shall find it convenient to have at our disposal
two lemmas that will be used not only here but in subsequent sections as well.

Lemma 6.1. Let (X, ¥) be a Kelvin-Planck system, let v be a measure in
M) and let A (v) C M(E) be the convex hull of {v}\J M (Z); thatis, let

H@w): =+ (1 —VNe|lie]0,1], w€ M O]

If A (v) is disjoint from fg, there exists for (2, €) a Clausius temperature scale
T:2—P such that
de

7:>0

Proof. Since .#'.(X) and {v} are both convex and compact, it follows that the
convex hull of their union is also compact [C1, § 19.5]). Therefore, A (+) is compact,

convex and, by hypothesis, disjoint from the closed convex cone €. Moreover,
A '(v) contains » and every element of .#".(X). To obtain the desired result we
need merely repeat the proof of Theorem 4.1 (i = ii) with (v inserted in place
of .4'.(2).

Lemma 6.2. Let (X, %) be a Kelvin-Planck system for which T is a Clausius
temperature scale. Moreover, let ¢ € M(X) be such that

dg

=
If ¢ is not an element of € then there exists another Clausius temperature scale T° for
(&, €) such that

Proof. Let ¢ € # () satisfy the equality above, let A be a number in the inter-
val [0, 1), and let «» be an element of .#%(X). Then we have

1 deo
J—T—d[a¢+(1—x)w]=(1 —l)zf?>0.

Thus, with #(y) as in Lemma 6.1 we can say that no element of X#'(g), except
perhaps for ¢ itself, can be a member of % for all members of € integrate 1/T

non-positively. If ¢ is not contained in %, Lemma 6.1 ensures the existence of
a Clausius scale 7° such that the inequality in the statement of Lemma 6.2 holds.
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Proof of Theorem 6.1. First we shall prove that (ii) implies (i). That is, we shall

prove that when (ii) holds both 6, — 6, and &, — J,» must be elements of %.
If T is a Clausius scale for (X, %), (ii) ensures that

1
f 7 0 — 9) T(a ) T()

Now if §,, — 8, is not an element of %, Lemma 6.2 ensures the existence of a
Clausius scale T° such that

1
f 7 40s = 9) T°(a) T

whereupon T°(c") % T°(o) in contradiction to (ii). Thus, d, — d, is an element
of €. The proof that d, — d, is an element of € is similar.

Finally, we prove that (i) implies (ii). If ¢ and ¢’ are of the same hotness then
both §, — d, and &, — J§,, are members of &. If T is a Clausius temperature
scale for (X, €) it is a consequence of Remark 4.2 that

1
f 7 90r = %) T(o) T T
Therefore, T(s) = T(c"). This completes the proof of Theorem 6.1.

Definition 6.2. The equivalence relation ~ induces a partition of X into equi-
valence classes called the hotness levels of the Kelvin-Planck system (X, %).
We denote by H the set of hotness levels so induced in 2 by €, and we denote by
w: 22— H the map that assigns to each state its hotness level. Moreover, we give
H its quotient topology— that is, the strongest topology that renders n continuous.

Remark 6.1. Theorem 6.1 ensures that two states of different hotness will be
distinguished by some Clausius temperature scale but not necessarily by every
Clausius temperature scale. That is, Theorem 6.1 does not preclude the possibility
that a particular Clausius temperature scale might assign the same temperature
to two states of different hotness. The point here is that, without the imposition
of conditions upon the Kelvin-Planck system (X, %), its hotness levels may be
Jiner than the isotherms induced by some (or indeed by any) fixed choice of Clausius
temperature scale.

Nevertheless, Theorem 6.1 ensures that the hotness level containing state ¢
is precisely the intersection of all T-isotherms containing ¢ as T ranges over all
possible Clausius temperature scales for (2, 6):

n(o) = /N ir(0). (6.1)

TeT
Thus, while any single Clausius temperature scale for (X, ) might not reflect
a suitably refined picture of its hotness levels, the collection of all possible Clausius
temperature scales for (2, %) will invariably determine its hotness levels completely.
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Since, for a-particular Clausius temperature scale, all states in the same hotness
level take the same value of temperature,: it makes sense to speak of the ‘“‘tem-
perature of a hotness level” as indicated on that scale. That is, Thorem 6.1 permits
us to speak of “‘temperature as a function of hotness” rather than “‘temperature
as a function of state.”

Definition 6.3. Let T:X — P be a Clausius temperature scale for a Kelvin-
Planck system (X, €) with hotness levels H. By T, : H— P we mean the Clausius
temperature scale on H induced by T in the following way: For he¢ H let o€ X
be such that n(c) = h; then

T, (h) = T(o).

The set of all Clausius temperature scales induced on H by elements of 7 will be
denoted by T .

Definition 6.3 is summarized in the commutative diagram

T
Z—P
A
| A
H

It will usually be clear from the context whether we have in mind a Clausius
temperature scale on X or a Clausius temperature scale on H, and we shall make
no terminological distinction between the two unless clarity requires that we do
s0.

Remark 6.2. If (2, ¥) is a Kelvin-Planck system with hotness levels H and
if Y€ H and h€ H are distinct, then Theorem 6.1 and Definition 6.3 ensure
the existence of T, € 7, such that Ty (k") == To(h): If ¢’ and o are states con-
tained within 4’ and 4 respectively then ¢’ ~ ¢, whereupon Theorem 6.1 ensures
the existence of 7°€ J such that T°(¢") & T°(s). By taking 7 to be the Clausius
temperature scale on H induced by 7° we obtain the desired result.

In the following lemma we record for future use a few items of a technical
nature.

Lemma 6.3. Let (X, %) be a Kelvin-Planck system. With H and n as in Defi-
nition 6.2 and with 7, as in Definition 6.3 we have the following:
(@) Every T, € T, Is continuous.
(b) H is compact and Hausdorff.
(¢) m:2— H is a closed mapping.
(d) Every hotness level, viewed as a subset of X, is compact.
(¢) If X has a countable base of open sets then so does H.

Proof. (a) The proof amounts to a straightforward application of Proposi-
tion 6, p. 39 of [B].
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(b) That H is compact follows from the fact that it is the image of the compact
space 2 under the continuous mapping z. That H is Hausdorff may be seen as
follows: Let 2 and 2’ be distinct elements of H. Then Remark 6.2 ensures the
existence of T,€ 7, such that To(h")==Toh). If I'CP and ICP are
disjoint open intervals containing 7, (k") and T, (h) respectively, then the continuity
of T, ensures that (7,))~'(I") and (T,)~'(/) are disjoint open subsets of H containing
A" and h respectively.

(c) Let FC X be a closed (and therefore compact) subset of the compact set 2.
Since xz is continuous 7(F) is a compact subset of the Hausdorff space H and
must therefore be closed.

(d) Let 2€ H be a hotness level. Since H is Hausdorff the singleton {4}, viewed
as a subset of H, is closed. Consequently, the continuity of & ensures that z—(%)
is a closed and therefore compact subset of the compact set 2. *

(e) Part (e) is a consequence of parts (¢) and (d) and two theorems in [K]: Theo-
rem 12, p. 99, and Theorem 20, p. 148. This completes the proof of Lemma 6.3.

Remark 6.3. Although what we say here will play no explicit role in subsequent
sections, we wish to point out (without proof) that every Kelvin-Planck system
(2, ) affords a formulation in which its set X' of state descriptions is entirely
replaced by its set H of hotness levels. First we note that every signed Borel
measure on 2, say « € #(X), induces a signed Borel measure on H, v, € #(H),
as follows: For each Borel set B H let

v4(B) = v(n~1(B)).

If ¢, C #(H) is the set of measures induced in this way by the cyclic heating
measures € C #(2), then (H, ¥,) is again a Kelvin-Planck system. Moreover,
the set of Clausius temperature scales for (H, %) is precisely the set 7, induced
in the sense of Definition 6.3 by the set J of Clausius temperature scales for
<, 8).

7. The Ordering of Hotness Levels

Having described the set H of hotness levels for a Kelvin-Planck system
(2, ¥), we now wish to give meaning to the idea that A’ ¢ H is hotter than h€ H.
In fact, we shall examine several slightly different definitions of hotter than, these
having somewhat different consequences. In the spirit of the philosophy espoused
earlier, each definition is stated solely in terms of the supply € of cyclic heating
measures for the system at hand—or, more precisely, in terms of the presence of

* A somewhat different proof of (d) proceeds as follows: It is an easy consequence
of Definition 4.2 that every isotherm is closed. Thus, (6.1) ensures that every hotness
level is the intersection of closed sets and is therefore a closed subset of the compact
set 2.
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certain elements in the related set &. Thus, the definitions will reflect the perspective
of an observer who, in trying to decide whether ““#’ is hotter than 4, might know
nothing more than the cyclic process admissible within a particular thermodynamic
theory under study. The viewpoint we take here is close in spirit, but not in
detail, to that taken by TRUESDELL [T2] and later by PITTERI [P], both within a
more classical setting.

Because the various notions of hotter than for a Kelvin-Planck system will be
defined without reference to its Clausius temperature scales, we shall be left to
examine how each Aotrer than relation is reflected in those scales. It is worth em-
phasizing once again that we shall not be content to ask what implications
a statement like ““4’ is hotter than 4" has for the relative temperatures of hotness
levels 4" and % on the Clausius scales. We shall also want to know, conversely,
when one can infer that ‘4’ is hotter than 4 from the temperatures the Clausius
scales assign to A" and 4. This last question is the more difficult: Since our defi-
nition of fotter than will be posed in terms of the supply of cyclic heating measures,
an affirmative answer will require that we prove, in effect, that the Kelvin-Planck
system under study is suitably rich in cyclic processes.

In all there will be four definitions of hotter than we shall wish to study.
These give increasingly stronger partial orders to the hotness levels, and the four
are numbered in such a way as to reflect their increasing strength. That is, the
weakest is termed hotter than in the first sense (denoted ,>) while the strongest
is termed hotter than in the fourth sense (denoted ,>-). Of the four relations only
the first, third, and fourth will be examined fully in this section.

Our definition of hotter than in the second sense is somewhat more technical
than the others, and for this reason we place its statement and examine its conse-
quences in Appendix D. Our feeling that this more technical definition should be
included at all derives from the fact that it makes possible complete answers to
certain natural questions, an example of which is the following: Under what
circumstances will a Kelvin-Planck system (X, €) have the property that its hotness
levels (viewed as subsets of X)) are identical to the isotherms induced in X by every
Clausius temperature scale on X7

For many purposes the relation ,>> is the ‘“‘right” notion of hotter than,
and it is unfortunate that its definition is somewhat less straightforward than the
others. However, the slightly stronger relation ;> is very close to , > and provides
a reasonable if imperfect substitute for it. In this section and the next, therefore,
we have employed the relation ;> where ,>> would have been better, thereby
sacrificing sharper results for the sake of clarity. To compensate for this we have
indicated in various places what improvements can be made so that interested
readers might pursue them in Appendix D.

We turn now to our first notion of hotter than.

Definition 7.1. For a Kelvin-Planck system (X, €) with hotness levels H we
say that h’c H is hotter than h ¢ H in the first sense (denoted h' >~ h) if

W = h and there exists ¢ € € of the form

g=p —pt,
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where v, u’, u are members of M () and the measures u’ and p are such that
suppu’ Ch', suppu Ch and p'(h’) = u(h) > 0. (Here v may be the zero
measure.)

Viewed as subsets of 2, the hotness levels 4’ and 4 are compact (Lemma 6.3)
and are therefore Borel sets. If, in Definition 7.1, ¢ were to be interpreted as the
heating measure for a body undergoing a cyclic process, * the number #(h")would
be the net amount of heat absorbed during the process by material points in states
of hotness /', the number —¢(h) would be the net amount of heat emitted by
material points in states of hotness A, and the number #(X) would be the net
amount of heat absorbed by all material points during the process. Since x4’ and
u are required to have support in 4" and #, respectively, it is not difficult to see
that

o) = w'(') + () > 0,

—g(h) = p(h) — »(h),

HE) = W) — ulh) +9Z) = wE) = 0.

Moreover, ¢ cannot be negative on any Borel set that fails to meet Ah.

and

. Remark 7.1. It is important to note that in Definition 7.1 we place no explicit
restriction upon the measure » other than it be a member of .#_,(X), possibly
the zero measure. In particular, its support might or might not meet % or 4'.
There is, however, an implicit restriction upon ». Since (X, €) is a Kelvin-Planck

system the measure ¢ € € described in the definition must havea negative part.
Because ¢ can be negative only on Borel sets that meet # we must have that v — u
is negative on some Borel set of states contained within the hotness level A.

Remark 7.2. Keeping in mind that € =of [Cone (¥)], we might interpret
Definition 7.1 in rough terms as follows: We say that A’ ;> h if among the
cyclic processes for the system under study are those which, to good approxima-
tion, have the following qualities:

(a) There is heat emission only from material points in states of hotness A.

(b) There may be heat absorption by material points in states of any hotness
other than 4, but the ratio of the amount of heat absorbed by material
points in states of hotness 4’ to the amount emitted by material points in
states of hotness 4 is ar least one.

() The net amount of heat absorbed during the course of the process is non-
negative.

The third property is a consequence of the others. We choose to make it explicit
primarily so that it may be drawn upon in discussions of the distinction between
Definition 7.1 and stronger definitions of Aotter than we shall also examine.
Although the First Law of Thermodynamics plays no formal role in this study,

* Note that Definition 7.1 does not require that ¢ be the heating measure for some
cyclic process, merely that it lie in the closure of the cone generated by such measures.
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we note in passing that it requires of cyclic processes enjoying the third property
that work done upon the body undergoing the process be rnon-positive.

Theorem 7.1. Let h and h’ be hotness levels for the Kelvin-Planck system (X, €).
Then the following are equivalent:

(@) A > h

(ii) For every Clausius temperature scale T, ¢ T, it is true that T (h') = T,(h),
and there exists at least one Clausius temperature scale T, ¢ I, for which
Ty (') > T ().

Proof. To prove that (i) implies (ii) we suppose that ¢ € % is a measure of
the kind described in Definition 7.1. Furthermore, we suppose that T is a Clausius

temperature scale on X' and that T, is the Clausius temperature scale induced
on H by T. From Remark 4.1 we have

d
og!%
= [Fdw —u+»

_rdw du  pdv

=T J7F )7 (7.1)
A h Py

A Q) dv

T T.0 )T
AR 1

Z/“”’(m‘m)-

The last estimate in (7.1) follows from the fact that u'(2) = u(#) and the re-
quirement that » be a member of .#_(2), possibly the zero measure. Since u'(k")
is positive (7.1) implies that

T,(W)=T,(h), VYT,c7,.
That equality cannot hold for all T, € .9, follows from Remark 6.2.
Next we shall prove that (ii) implies (i). We must show that when (ii) holds

there exists in € a measure of the kind described in Definition 7.1. In fact, we

shall prove that for any two states '€ #* and o€ h there must exist in ¥ a
measure of the form

}'(60” - 60) + (l - }') oW e (09 1}, w € “”L(Z) (72)

Any such measure will clearly satisfy the requirements of Definition 7.1. Suppose
on the contrary that there exists no such measure in 4. Since (X2, €) is a Kelvin-
Planck system, neither can € contain a measure of .#" (2). Consequently, the set
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A (8, — 6,) described in Lemma 6.1 must be disjoint from €, whereupon that
lemma ensures the existence of a Clausius temperature scale 7’¢ 4 such that

1
de(a 8,) T() ~ 75> (7.3)

From (7.3) it follows that T(¢) > T(¢"). If T, € J is the Clausius temperature
scale on H induced by 7, then T,(h) > T,(#). But this contradicts (ii).

Remark 7.3. From our proof of Theorem 7.1 we can infer that the statements
(i) and (ii) are equivalent to yet another statement:

(iiiy For any pair of states o' € h' and o€ h there exists v€ M (), possibly
the zero measure, such that 6, — 6, +vc €.

It is clear that (iii) implies (i). To see that (ii) implies (iii) we need only recall that
(ii) implies the existence in € of a measure of the kind described in (7.2). Keeping

in mind that % is a cone, we can multiply such a measure by 1/A to obtain the desired
result.

Remark 7.4. Definition 7.1 does not by itself make obvious the fact that the
relation ;> provides a partial order on the set of hotness levels of a Kelvin-Planck
system. On the other hand the equivalence of statements (i) and (ii) in Theorem 7.1
make the antisymmetry and transitivity of readily apparent.

Theorem 7.1 asserts that, for each fixed pair of hotness levels 4" and 4 such that
k' 1> h, there will exist some T, € 7, for which T,(h") > T,(h). The theorem
does not assert the existence of a single T, € J, that will work in this way for
every pair of hotness levels that are comparable with respect to the relation ;>.
If, however, X' is not merely compact and Hausdorff but also a metric space, then
the existence of such a temperature scale is ensured.* This is the substance of
our next theorem. Its proof is presented in Appendix B.

Theorem 7.2. Let (X, %) be a Kelvin-Planck system with hotness levels H.
If H has a countable base of open sets (or, equivalently, is metrizable) then there
exists a Clausius temperature scale T, € T, with the following property: T (h') >
To(h) for every pair h'€ H, h€ H such that h' > h. In particular, such a
temperature scale exists if X' is a metric space.

As was mentioned earlier our definition of hotter than in the second sense is
stated and discussed in Appendix D. Therefore, we turn to our definition of hotter
than in the third sense.

Definition 7.2. For a Kelvin-Planck system (X, €) with hotness levels H we
say that h'c H is hotter than h¢ H in the third sense (denoted h' ;> h) if

* We are grateful to PaAuL BERNER for suggesting that this might be the case.
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W %= h and there exists ¢¢ % of the kind described in Definition 7.1 with
y == 0.

Remark 7.5. Clearly, 4" ,>- /4 implies that %" ;> A. In fact, to interpret
the relation ;> we need only repeat our interpretation of ,>> (Remark 7.2)
with items (a) and (b) left intact but with item (c) modified to indicate that the
net amount of heat absorbed during the course of the process is positive (since
#(2) =9(2) > 0). The First Law requires of cyclic processes having this quality
that work done upon the body undergoing the process be negative, which is to
say that the body does work.

Theorem 7.3. Let h and I’ be distinct hotness levels of the Kelvin-Planck system
(2, ¥), and suppose that h and I’ are comparable with respect to the relation ;>~.
Then the following are equivalent:

() 43> h
(i) T (n) > T.(h) for every Clausius temperature scale T, € T ..

Proof. To prove that (i) implies (ii) we need only repeat the analogous argument
for Theorem 7.1 with »€ .#.(2) presumed non-zero; then inequality must
obtain in the last estimate of (7.1), and statement (ii) above follows as a result.

To prove that (ii) implies (i) we draw upon the supposition that 4 and 4’ are
comparable with respect to ;>—that is, that either 4 ;>4 or hs>>h". If
the latter holds true then our proof that (i) implies (ii) would ensure that T,(%) >
T, () for every T, € J,. But this stands in contradiction to (ii).

Remark 7.6. Apart from their apparent differences there is a distinction be-
tween Theorems 7.1 and 7.3 that is easy to overlook. The implication (ii) = (i)
of Theorem 7.1 does not require the prior supposition that h' and h be | >-com-
parable; indeed it was proved that statement (ii) by itself ensures that 4" and A
are ,>>-comparable with 4" ;> 4. On the other hand, the opening sentence of
Theorem 7.3 presupposes that h" and % are ;>--comparable. Although statement
(ii) of Theorem 7.3 implies that 4’ ;> h (by virtue of Theorem 7.1), it does not
by itself ensure that 2’ and % are ;>--comparable. We present 2 counterexample
in Appendix C.

In rough terms the situation might be described as follows: If, for a Kelvin-
Planck system, every Clausius scale assigns a higher temperature to hotness level
k'’ than it does to hotness level 2 the system must be sufficiently rich in cyclic
processes as to establish that /' is hotter than 4 in the first sense; however, the
system may be insufficiently rich in cyclic processes to ensure that 4 is hotter
than % in the third sense. As we shall see in Remark 7.9 this state of affairs can
obtain only in special circumstances.

We should indicate here that the notion or hotter than in the second sense
(discussed in Appendix D) will be such that the following equivalence obtains:

B> he Tuh) > Teh), VT €T,.
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In particular, it will be the case that, whenever every Clausius scale on H assigns
a higher temperature to 4’ than it does to 4, then 4’ and 4 must be , >>-comparable.

Remark 7.7. We would like to show that for a Kelvin-Planck system the
relation ;>-, like the relation (>, gives a partial ordering of the set of hotness
levels. Remark 7.6 suggests that, in so doing, we must take care in drawing
upon the equivalence of statements (i) and (ii) of Theorem 7.3. Proof that ;>-
is antisymmetric provides no difficulty; for if A" == h, A" 3> h and h,> A,
the implication (i) => (ii) of Theorem 7.3 gives an immediate contradiction.
Proof of tranmsitivity is somewhat more delicate. If A" ;> 4" and A" ;> h,
then we may deduce from the implicatlon (i) =» (ii) of Theorem 7.3 that T,(4")
> Ty(h) for every T, € 7 ,. But this by itself does not imply that #”” and 4 are
3 >-comparable. Consequently, proof that the relation ;> is transitive must
appeal more directly to Definition 7.2. In fact, we present such a proof in Appen-
dix C.

We turn finally to our fourth notion of hotter than.

Definition 7.3. For a Kelvin-Planck system (X, €) with hotness levels H we
say that h’c€ H is hotter than hc H in the fourth sense (denoted h' ;>- h)

if W==h and 'there exists ¢ € % of the kind described in Definition 7.1 with
w(h) > 0.

Remark 7.8. Clearly we have the implications
KHaio-h = h>h = h,>h

To interpret Definition 7.3 we can repeat Remark 7.2 with (a) left intact, with
(c) modified (as in Remark 7.5) to indicate that the net amount of heat absorbed
is positive, but now with (b) also modified to indicate that the ratio of the quantity
of heat absorbed at hotness A" to that emitted at hotness & exceeds one.

Theorem 7.4. Let i’ and h be hotness levels for a Kelvin-Planck system (X, %).
Then the following are equivalent:

i) W 4> h
(i) There exists o > 0 such that, for every Clausius temperature scale T, € T,

T, (W)
Ty(h)

>14+«

Proof. First we shall prove that (i) implies (ii). Let 7 be a Clausius temperature
scale on 2, and let T, be the Clausius temperature scale induced on H by T.
For any v€ # (&) we have

dv> dv vk
JT= )T 1T.m)

(7.4)
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With ¢ as in Definition 7.1, we may use (7.4) to improve our last estimate in
(7.1). In this way we obtain the inequality

o 1 1 v(h')
0= 4w ) (T*(h') - T*(h)) T, (.5)
or, equivalently,
T,(1) W)
.0 = T uw) (7.6)

Thus if, as in Definition 7.3, »(#’) is positive, we may obtain the desired result by
taking « to be any positive number less than »(A)/u’'(#’).

To prove that (ii) implies (i) we must show that, when (ii) holds, % must
contain a measure of the kind described in Definition 7.1 with »(A) > 0. In
fact, we shall show that if (ii) holds and if ¢’ and o are any states contained with

k' and h, respectively, then & must contain an element of the form
AA + )by — 8]+ — Ve, 2A€(0,1], we.#'\ (D). 7.7

(To see that such a measure satisfies the requirements of Definition 7.3 we may
take p’ = = My, 4 =249, and v = Axd, + (1 — 2) «.) Suppose on the contrary
that @ contains no such measure. Neither can % contain a measure of .4 L),
for (X, %) is a Kelvin-Planck system. Consequently, the set J'[(1 + «) 8, — &,]

described in Lemma 6.1 must be disjoint from €, in which case that lemma
ensures the existence of a Clausius temperature scale 7¢ 7 such that

_(1+o¢) 1

1
Ef Tl +0) by — b = s — s> 0. (1.8)
For this scale, then, we have
T(a")
) <1+ . (1.9

If T, is the Clausius temperature scale induced on H by T we obtain from (7.9)
the inequality
T.(")

T(h)<1+

which contradicts (ii).

Remark 7.9. We note that the implication (ii) = (i) of Theorem 7.4 does not
require the prior supposition that the hotness levels h' and h be ,>>-comparable.
Roughly speaking, then, the collection of Clausius temperature scales for a Kelvin-
Planck system can have property (ii) only if the system is sufficiently rich in cyclic
processes as to establish that k' is hotter than h in the fourth sense.

Thus, Theorem 7.4 is similar in character to Theorem 7.1 but dissimilar in
character to Theorem 7.3 (Remark 7.6). In fact, Theorem 7.4 permits us to
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flesh out Remark 7.6 a little further. It tells us that property (ii) of Theorem 7.3
can fail to ensure the ;>--comparability of hotness levels 42 and 4 only under
special circumstances: As T, ranges over all possible Clausius temperature scales
on H the ratio T, (h)/T,(h) must take values arbitrarily close to one. For if that
ratio is bounded away from one, Theorem 7.4 requires that A’ ,>> h, and this
in turn implies that 2" ;> A.

Remark 7.10. The proof of Theorem 7.4 ensures that statements (i) and (ii)
are equivalent to:

(iii) For any states o' € h’ and o ¢ h there exists in % an element of the form
Oy — 0, + v, where v(h') > 0.

Proof of this assertion is similar to that offered in Remark 7.3.

Remark 7.11. That >~ gives a partial order to the hotness levels of a Kelvin-
Planck system is an easy consequence of the equivalence of (i) and (ii) in Theo-
rem 7.4. Antisymmetry of ,>> is immediate. To prove transitivity we suppose that
h"” 4> h' and that A" > h. Theorem 7.4 ensures the existence of positive num-
bers x; and «, such that, for every T,€ 9,

T, (h") T, (1)
T, () >1+4 &, and 7.0

>14+ «,.

Thus, we have

T, (h")
T (h)

>A+a)d+oy) =14 + o, 4+ a2,

for every T, € J,, whereupon Theorem 7.4 ensures that A" > hA.

8. Totally Ordered Kelvin-Planck Systems:
The One-Dimensionality of the Hotness Set

We are now in a position to take up questions raised in Section 5. In particu-
lar, when the hotness levels of a Kelvin-Planck system are fotally ordered by a
suitable notion of hotter than we wish to examine conditions under which the hot-
ness levels, in some sense, constitute a ‘“‘one-dimensional hotness manifold”
and under which the order can be faithfully reflected in a real numerical scale.
We made the point in Section 5 that neither of these properties is ensured by the
mere presumption that the hotness levels are totally ordered by some relation.
Rather, they must derive from qualities peculiar to the class of systems under
study taken together with features of the particular order posited.

Here we shall draw upon qualities common to Kelvin-Planck systems to
prove that if the set H of hotness levels is totally ordered by 3>~ then H must be
homeomorphic to a subset of the real line and the order must be faithfully reflected
in a Clausius temperature scale. As we shall see in Appendix D this also holds
true when H is totally ordered by the weaker relation , >~. In fact we shall show in
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this section that the same result obtains when H is totally ordered by the still weaker
relation >, provided the underlying set of states X is a metric space. It should not
detract from their importance that these assertions are easy corollaries of theorems
already stated.

In general the hotfter than relations defined earlier will merely lend a partial
order to the hotness levels of a Kelvin-Planck system, and we do not take as a
postulate that even the weakest of these (;>>) must necessarily provide a rotal
order for any system likely to command our attention. Rather, it is our purpose
in this section to examine consequences of total ordering when it obtains. Before
undertaking this examination, however, we think it worthwhile to point out that
if two hotness levels fail to be comparable even with respect to the weakest hotter
than relation there will exist “conflicting” Clausius temperature scales:

Proposition 8.1. Let (X, €) be a Kelvin-Planck system with hotness levels H.
If W€ H and he H are distinct and are not comparable with respect to the rela-
tion > then there exist Clausius temperature scales Ty, Tz, and Ty on H such
that

() Ta(h') > Ta(h),
(i) T3(h) < Ti(),
and (iil) Ti(h) = Ti(h).

Proof. To prove (i) we merely note that if T,(h) = T,(h) forall T, €7,
then Remark 6.2. and Theorem 7.1 require that %4 ,> 4’, in contradiction to
the hypothesis. The proof of (ii) is similar. To prove (iii) we let T4 and T2 be as
in (i) and (ii), and we let 7! and T2 be the Clausius temperature scales on 2
defined by 7! = TLon and T2 = THo zm, where n:X— H is as in Definition
6.2. By virtue of Remark 4.3 the function 73:2— P defined by

I Tu()—Tuh) 1 Tih) — Tek) 1
T3() T Tih) T°() T Tuk) T'C)

is again a Clausius temperature scale on 2. Moreover, it is easy to confirm that
T3(0) = T3(0) for any ¢’ € A’ and any o€ A. Thus, the Clausius temperature
scale T2 induced on H by T3 has the property that T3(h") = Tx(h).

In Remark 6.1 we made the point that for a Kelvin-Planck system (X, €) the
hotness levels, viewed as subsets of 5, might be finer than the isotherms induced
in X by a particular Clausius temperature scale. For each Clausius scale it will
always be the case that every hotness level is entirely contained within an iso-
therm, but a particular Clausius scale might induce in 2 an isotherm which is
the union of two or more hotness levels. Consequently, we are compelled to ask
when it will be the case that, for every Clausius temperature scale, the induced
isotherms coincide with the hotness levels. For this to happen it is necessary
that the hotness levels be totally ordered by ,>> and sufficient that they be totally
ordered by ;>:
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Proposition 8.2, Let (X, %) be a Kelvin-Planck system, let H be its set of hotness
levels, and let I be its collection of Clausius temperature scales. Among the following
statements we have the implications (i) = (ii) = (iii).

(i) H is totally ordered by ;>>.

(ii) For each T€ J, every T-isotherm coincides with a hotness level. That is,
ir(0) = 7(0) for every T€ T and every o€ 2.

(iii) H is totally ordered by | >.

Proof. First we prove that (i) implies (ii). Suppose on the contrary that (i)
obtains but that there exist states ¢’ and o belonging to distinct hotness levels
h’ and h such that T(¢’) = T(6) for some T¢€ Z. Let T, be the Clausius scale
induced on H by 7. Because 4’ and A are distinct and ;>>-comparable we have,
by Theorem 7.3, that T,(h") = T.(h). But we also have that T(¢") = T,(#")
and T(¢) = T,(h), which give a contradiction.

Next we will suppose that (ii) holds but that (iii) does not. If (iii) does not
hold then there exist distinct hotness levels " and 4 that are not , >-comparable.
Thus Proposition 8.1 ensures the existence of a Clausius temperature scale T,
on H such that T,(h) = T,(h). Let T be the Clausius scale on 2 defined by
T(-) = Ty ¢ 7(-). The distinct hotness levels & and / clearly reside within the
same T-isotherm in contradiction to (ii).

Remark 8.1. Neither of the implications in Proposition 8.2 can be reversed.
The counterexample presented in Appendix C for a somewhat different purpose
also serves to indicate that, for statements (i) and (ii) of Proposition 8.2, the
assertion (ii) = (i) is false. It is not difficult to construct counterexamples to the
assertion (iii)= (ii). In fact we shall prove in Appendix D that statement (ii) of
Proposition 8.2 is equivalent to the following statement: H is totally ordered by

2>
We turn now to the main theorems of this section.

Theorem 8.1. Let (X, %) be a Kelvin-Planck system with hotness levels H.
If H is totally ordered by >~ and X is a metric space then there exists a Clausius
temperature scale T9€ T, that encodes the order precisely; that is,

TR > TUR) < b’ > h.

Proof. Let T3 be as in Theorem 7.2. Thus we have A" ;> h=> T (k") > T(h).
On the other hand if T2(#) > Te(h) we must have 4" ;> h: By supposition
k' and h are ;>>-comparable; if 4 > #’, Theorem 7.1 would require that T3 (k)
= Ta(h). '

Remark 8.2. In fact, the requirement that 2’ be a metric space may be replaced
by the weaker requirement that H be metrizable (or, equivalently, that H have
a countable base of open sets). Recall the hypothesis of Theorem 7.2.
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The stipulation that X' be a metric space may be dropped from the hypothesis
of Theorem 8.1 altogether provided that H is totally ordered by ;>-. In this
case we get an even stronger result—that every Clausius temperature scale on
H preserves the order precisely:

Theorem 8.2, Let (X, €) be a Kelvin-Planck system with hotness levels H.
If H is totally ordered by 5>~ (and, in particular, by ,>-) then every Clausius tem-
perature scale on H encodes the order precisely; that is, for every Ty, € Ty we
have
T.(B)Y> T (s k' 3> h.

Proof. For any T, € &, we have by Theorem 7.3 that 4" ;> h= T, (h) >
T,(h). On the other hand if, for some T, ¢ 7 ,, we have T,(h") > T,(h) we
must also have A" ;3> h: By supposition 4’ and h are ;>~-comparable; if 4 ;> A’
Theorem 7.3 would require that T,(h) > T, (#').

Remark 8.3. As we shall see in Appendix D, Theorem 8.2 holds true with
3> replaced by ,>.

Before stating our next theorem we should recall the background against
which it is set. For us the hotness levels of a Kelvin-Planck system (Z, %) were
defined objects. They emerged as equivalence classes of states induced in X' solely
by the supply € of cyclic heating measures. The set H of all hotness levels so con-
structed derived its topology from that of 2, but we placed no restriction on the
topology of 2 other than that it be compact and Hausdorff. Nevertheless, our
next theorem asserts that if € is sufficiently rich in cyclic heating measures as to
render any pair of hotness levels comparable with respect to a suitable hotter than
relation, then it can only be the case that H is topologically identical to a subset
of the real line.

Theorem 8.3. Let H be the set of hotness levels of a Kelvin-Planck system (X, €).
If either
(i) H is totally ordered by > and X is a metric space
or
(ii) H is totally ordered by ;>>,
then H is homeomorphic to a subset of the real line. In particular, if X' is connected
then H is homeomorphic to a bounded closed interval of the real line.

Proof. If either (i) or (ii) is satisfied then Theorems 8.1 and 8.2 ensure the
existence of a Clausius temperature scale 7,: H— P CR such that T,(#")#
T4 (k) whenever i’ 5% h. Thus, the continuous function 7, maps H bijectively onto
T.(H). Moreover, H is compact (Lemma 6.2) and T,(H), being a subset of the
Hausdorff space R, is itself Hausdorff. But any continuous bijective map from a
compact space onto a Hausdorff space is a homeomorphism ([B], p. 87). Thus,
T, provides a homeomorphism between H and T,(H)CR.

If X' is connected then H is connected, for H is the image of X' under the con-
tinuous function = :2X > H. In this case T (H), being the image of the compact
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connected set H under the continuous function T,, must itself be a compact
connected subset of the real line, and any such set is a bounded closed interval

([B], p. 337).

Remark 8.4. It will follow from results in Appendix D that condition (ii)
in Theorem 8.3 can be replaced by the weaker requirement that H be totally
ordered by ,>.

Remark 8.5. Let H be the set of hotness levels for a Kelvin-Planck system
(Z, €). By the ,>-topology on H we mean the coarsest topology that renders
the sets

{WeH|W >htand (WeH|h,>h}

closed for every A€ H. Equivalently, the ; >-topology is the coarsest topology
on H that renders the sets

(WeH|K % hand ("€ H| h * I} 8.1)

open for every #¢€ H. For the purposes of this remark we call the topology
placed on H in Definition 6.2 the given topology.

Note that the given topology depends on € only to the extent that ¥ induces
the equivalence relation (~) on 2’ which generates the set H of equivalence clas-
ses; thereafter, the given topology is inherited from the topology of 2’ in the usual
manner. On the other hand, the set ¢ influences the ; >--topology on H in a very
direct way, for the partial order ;> itself derives from ¥ through Definition 7.1.

At first glance, then, it may seem somewhat surprising that the given topology
need bear any relation to the ,>-topology. From results accumulated above,
however, it is not difficult to see, at least when 2 is a metric space and H is totally
ordered by >, that the given topology and the ,>--topology are identical. In
fact, a similar result holds true whether or not X' is metrizable and whether or
not ;> provides a total order. This we show in the following proposition.

Proposition 8.3. Let H be the set of hotness levels for a Kelvin-Planck system.
Then the given topology for H contains the >~-topology. Moreover, the two topo-
logies are identical if and only if the ,>-topology is Hausdorff.

Proof. As always, we let 7, denote the set of Clausius temperature scales
on H. From Theorem 7.1 and Proposition 8.1 it follows that, for any A€ H,

(heH

B3 h= \J Te' ((x€R|x < To(h)})
T, 6T,
and
WeH|h *h}= \J T, ((x€R|x > T,(h).
T, 6T,

Since each T, €9, is continuous with respect to the given topology on H
(Lemma 6.3), each of the sets in (8.1) is the union of sets which are open in the
given topology. Thus, the sub-base for the ; >-topology described by (8.1) consists
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of sets which are open in the given topology, and from this it follows that every
set which is open in the ;>--topology is open in the given topology.

Since the given topology is Hausdorff (Lemma 6.3), the ,>-topology can
coincide with the given topology only if the , >-topology is Hausdorff. Moreover,
if the >--topology is Hausdorff then the two topologies coincide: Since H is
compact in the given topology (Lemma 6.3) and the ;>--topology is contained in
the given topology, H is clearly compact in the ,>-topology. Thus, if the ;>
topology is Hausdorff, then A is compact and Hausdorff in both the given topo-
logy and the ;>--topology. It is well known that if two comparable topologies
on the same set are both compact and Hausdorff then the two topologies are in
fact identical ([B], p. 88).

Before closing this section we should examine the counterexample discussed
earlier (Section 5) in light of results we have accumulated. If, in that counter-
example, 2 = [1, 2]x[1, 2] is presumed endowed with its usual (metric) topo-
logy and if the order posited there is understood even in the sense of our weakest
hotter than relation (;>-), Theorem 8.1 tells us that the counterexample, so inter-
preted, cannot be realized as a Kelvin-Planck system: If it could, Theorem 8.1
would ensure the existence of a real-valued function that preserves the order
precisely, but we proved in Section 5 that the counterexample admits no such func-
tion. Thus, with X = [1, 2] x[1, 2] there can exist no set of measures ¥ C #(2)
such that (X, ¥) is a Kelvin-Planck system and such that ¥ induces the order
posited.

9. Essentially Unique Clausius Temperature Scales
and the Role of Carnot Elements

If, for a Kelvin-Planck system (X, %), T(:) is a Clausius temperature scale on
2 then so is «T(-), where « is any positive number. It is natural to ask whether
there can exist a Clausius temperature scale for (X, €) which is not a positive con-
stant multiple of some fixed one. The answer clearly resides in the richness of the
set € of cyclic heating measures for the Kelvin-Planck system under study: The
larger the collection of cyclic heating measures, the smaller will be the collection
of continuous functions on X' that might qualify as Clausius temperature scales.

Classical arguments suggest that if a Kelvin-Planck system is suitably well
endowed with what we shall call Carnot elements then uniqueness of a Clausius
temperature scale (up to a positive constant multiple) is ensured. We shall prove
not only this but also the converse. Uniqueness of a Clausius temperature scale
requires that the Kelvin-Planck system at hand be well endowed with Carnot
“elements.

It should be emphasized that nothing we have done thus far required any
mention of Carnot cycles. In particular the existence of a Clausius temperature
scale is ensured for every Kelvin-Planck system without the need of any further
suppositions. On the other hand, Theorem 9.1 will tell us that any argument
ensuring the essential uniqueness of a Clausius temperature scale for a particular
Kelvin-Planck system must necessarily invoke postulates at least equivalent to
an assertion that the system is suitably rich in Carnot elements.
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Remark 9.1. Consider a Kelvin-Planck system (X, ¥) for which all Clausius
temperature scales on % are identical up to multiplication by a positive constant.
Theorem 7.4 already provides an indication of how large ¥ must be: If H is the
set of hotness levels for the Kelvin-Planck system under consideration and 7,
is the collection of Clausius scales on H, it is clear that all elements of 7, must
also be identical up to multiplication by a positive constant. Thus, if 42" and A are
hotness levels, the ratio

T, (1)
Ty (h)

must be independent of any particular choice of T, € 7, and if &’ is distinct
from h that ratio must be different from unity (Remark 6.2). Consequently, Theo-
rem 7.4 requires that any pair of distinct hotness levels be ,>--comparable,
which is to say that H must be totally ordered by ,>> (and must therefore be both
homeomorphic and order-similar to a subset of the real line). For each pair of

distinct hotness levels, then, there must exist in & an element of the kind described
in Definition 7.3. As we shall see, for each pair of distinct hotness levels there

must in fact exist in % a special element of this kind: a Carnot element operating
between them.

Deﬁmtlon9 1. A reversible element of a Kelvin- Planck system (X, %) is a
measure g € % such that —gis also a member of %. An irreversible element
of (2, €) is a member of € that is not reversible.

Keeping in mind that % = of [Cone (¥)], we note that for 4 to be a reversible
element of (2, %) neither it nor its negative need be an element of €, the collection
of heating measures corresponding to cyclic processes. Rather, we merely require
# and —¢ to be approximated by such measures or at least by their positive mul-
tiples. On the other hand, ¢ is an irreversible element of (2, %) if ¢ is approximat-
ed by positive multiples of the cyclic heating measures but —¢ is not; in this case
there is a neighborhood of —¢ containing no heating measure corresponding
to a cyclic process nor any positive multiple of one.

Definition 9.2. Let (X2, €) be a Kelvin-Planck system. A measure g ¢ % isa
Carnot element of (X, ¥) if ¢ is a reversible element of (X, €) and, in addition,
there exist hotness levels h' and h such that ¢ has a representation

g =4 —p,

where p' and p are non-zero elements of M (X)) such that suppu’ Ch' and
supp u C h. Such a Carnot element operates between hotness levels ' and h.

In rough terms a Carnot element is a reversible element which, if viewed
as a heating measure, would correspond to a process such that heat absorption
is experienced only by material points of a single hotness and such that the same
is true for heat emission. Here again we do not insist that a Carnot element be
a heating measure corresponding to any cyclic process for the system at hand,
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only that it and its negative be approximated by such measures (or at least by their
positive muitiples). This we believe to be compatible with the usual view of Carnot
cycles: that they are idealizations of cyclic processes which, if not among the true
cyclic processes of a particular system, are in some sense approximated by them.

Theorem 9.1. Let (X, €) be a Kelvin-Planck system with hotness levels H, and
let T be a Clausius temperature scale on X. The following are equivalent:

(i) Every Clausius temperature scale on X' is a (positive) constant multiple of T.
(i) Any ¢ € H(2) that satisfies
dy _
J T
s Py
is an element of €.

(iii) For each pair of hotness levels h' ¢ H and h& H there exists a Carnot element
of (2, €) operating between h' and h.

Proof. (i) = (ii): Suppose that (i) holds and that &€ .#(X) satisfies the equa-
tion in (ii). If # is not 2 member of ¥ then Lemma 6.2 ensures the existence of a
Clausius scale 7° on 2 such that

dy
J7>o
Py

Clearly, then, T° cannot be a constant multiple of 7, and (i) is contradicted.

(ii) = (iii): Let 4" and % be any hotness levels in H. The desired Carnot ele-
ment may be constructed as follows: Let " and x4 be any non-zero measures of
M (%) such that suppu’ C4', suppu Ch, and

W) _ Ty
why Ty’
where T, is the Clausius scale induced on H by 7. (For example, we can take
w =T,(h)dy and u = T,(h)d,, where ¢’ and o are any states in " and A,
respectively.) Then
g=p —u
is a Carnot element operating between 4" and A: To see that ¢ lies in % we invoke
(ii) and observe that
dy  rdy’ du
T JT JT
14 h
AN )
T (h) Ty
= 0.

The proof that —¢ lies in % is similar.
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(iii) = (i): Suppose that (iii) holds but that (i) does not. Let 7T be a Clausius
scale on 2 that is not a constant multiple of 7. Thus, if T;Q and 7T, are the Clausius
scales induced on H by TT and T, there must exist a pair of hotness levels 4" and
h such that

TIh)  Tu()
Tih) ~ Tu(h)

©.1)

Now let ¢ = u” — u be a Carnot element operating between /4’ and h, where p’

and u are as in Definition 9.2. Since both 4 and —¢ are elements of % we must
have, by virtue of Remark 4.2, that

dy
—JT
_raw du
~JTr o JT

Hence, we have

=—. (9.2)

Since Tt is also a Clausius scale this same reasoning may be applied to obtain

i) W)
TI0 — u) ©-3)

But (9.2) and (9.3) taken together contradict (9.1).

Remark 9.2, Consider a Kelvin-Planck system (X, ¥) for which all Clausius
temperature scales are constant multiples of some fixed one, 7. For any pair of
hotness levels 4" and #, Theorem 9.1 ensures that there will exist a Carnot element
operating between 4’ and 4. In fact, our proof that (ii) implies (iit) gives something
more, that there will generally exist many such Carnot elements: If »” and p are
any non-zero measures of .# (%) such that suppu’ C A", supp ¢ C A, and such
that (9.2) is satisfied, then p" — u is a Carnot element operating between A’
and 4. In particular, if ¢ and o are states in hotness levels 2’ and A, respectively,
then T(¢')d,, — T(s) 6, must be a Carnot element of (X, ¥). That is, both

T(c") 8, — T(0) 0, and its negative must be members of €. Since every state resides
in some hotness level, it follows that a Kelvin-Planck system (X, ¥) admits an
essentially unique Clausius scale only if for every state in X there exists a Carnot
element in which that state manifests itself.

Remark 9.3. Even for a Kelvin-Planck system not sufficiently rich in Carnot
elements to ensure an essentially unique Clausius scale, the collection of Clausius
scales nevertheless provides information on those Carnot elements that do exist.
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Let #* and % be hotness levels and 7, the collection of Clausius scales on H,
the set of all hotness levels. The following statements are equivalent:

(1) The ratio

is the same for all T, €T ,.

(i) There exists a Carnot element operating between h’ and h.

Proof of this equivalence is similar to that in Theorem 9.1.

Let (X, ¥) be an arbitrary Kelvin-Planck system, not necessarily one for which
all Clausius scales are identical up to multiplication by a constant. If T is a parti-
cular Clausius scale and ¢ is a reversible element of (2, %) it is an immediate
consequence of Remark 4.2 that

dg
= 0. 9.4)
2
On the other hand, if ¢ is some element of .#(Z") such that (9.4) holds we cannot
infer that # is a reversible element of (X, %), for neither ¢ nor —¢ need be an

element of €. If, however, all Clausius scales for (2, €) are constant multiples
of T, then 4 must in fact be a reversible element of (X, €). This is the content of our
first corollary to Theorem 9.1.

Corollary 9.1. Ler (X, %) be a Kelvin-Planck system for which all Clausius
temperature scales on X are constant multiples of some fixed one, T. The reversible
elements of (X, €) are precisely those elements of #(X) that satisfy the equation

dy _
A T n

Proof. It remains only to show that any ¢ € .#(2) that satisfies (9.4) must
be a reversible element of (X, €). If 4 satisfies (9.4) then so must —¢. The impli-
cation (i} = (ii) of Theorem 9.1 then ensures that both 4 and —¢ are elements

of &, whereupon ¢ is a reversible element of (X, %).
Remark 9.4. Even for a Kelvin-Planck system (X, ¥) for which the Clausius
scales are not constant multiples of some fixed one, the collection 7 of Clausius

scales on X nevertheless serves to determine all the reversible elements of (X, ¥):
The reversible elements of (X, €) are precisely those elements of (X)) that satisfy

the equation
dy
—_ = 9.4
[Z=0 ©94)

for every Te T .
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Proof. That a reversible element of (2, %) satisfies the equation above for
every T€J follows from Remark 4.2. Next suppose that ¢ € .#(X) satisfies

(9.4) for every T€ 7. That ¢ is an element of ¥ follows from Lemma 6.2, for
otherwise there would exist 7°€ 7 such that

Ef%>0,

in contradiction to what has been supposed. Moreover, —y must also satisfy

(9.4) for every T€ Z, and it too must lie in ¢ by similar reasoning. Thus, ¢ is
a reversible element of (X, ).

Corollary 9.1 asserts that a Kelvin-Planck system with an essentially unique
Clausius temperature scale must be as rich in reversible elements as the Clausius
inequality will allow. We may still ask how well supplied with irreversible ele-
ments such a system might be. Our next corollary asserts that Kelvin-Planck systems
which give rise to essentially unique Clausius scales are of two distinct kinds: those
that admit no irreversible elements whatsoever and those that are as rich in irreversible
elements as the Clausius inequality will allow.

Corollary 9.2. Let (X, %) be a Kelvin-Planck system for which all Clausius
temperature scales are constant multiples of some fixed one, T. Of those elements
¢ € M) such that

dy
,a[ Z<o (9.5)

either all are contained in € or none are.

Proof. We shall prove that if € contains even one element of A(X) that satis-
fies (9.5) it must contain all such elements. Let 4t and ¢ be elements of .#(X)

that satisfy (9.5). We suppose that ¢t is a member of € and show that ¢ must be
a member of ¥ as well. We begin by writing

g=0gt+ (g —agh), 9.6

where « is the positive number defined by

|
o

Since € is a cone and ¢ is a member of % the first term on the right side of (9.6)
is also a member of ¥. Moreover, it is easy to verify that

[F —apn=0
Py T ’



Foundations of Thermodynamics 255

whereupon Theorem 9.1, (i) = (ii), ensures that ¢ — xg' is a member of %
as well. Thus, (9.6) asserts that ¢ is the sum of two members of ¥. Since %isa
convex cone, ¢ must also be a member of %.

Remark 9.5. If (2, %) is a Kelvin-Planck system with an essentially unique
Clausius temperature scale, then Corollary 9.2 and the implication (i) = (ii)
of Theorem 9.1 require that ¥ be either a closed hyperplane or a closed half-
space.

Theories of thermodynamics that begin with Carnot cycles usually start out
by arguing the existence of a temperature scale such that equation (9.4) holds for
all Carnot cyles. To show that (9.4) holds for all reversible cyclic processes, whether
or not these be Carnot cycles, it is subsequently argued that any reversible cycle
can, in some sense, be well approximated by combinations of Carnot cycles.
(See, for example, [D2], p. 35.) Underlying such an argument, of course, is the
presumption that there exists a supply of Carnot cycles sufficently rich as to ap-
proximate whatever reversible cycle might present itself, Although we have had
no need to mount an argument of this kind in proving Corollary9.1, we neverthe-
less think it interesting that ideas upon which the approximation procedure rest
can be rendered precise within the context of the theory presented here. This is
the subject of our next corollary.

Corollary 9.3. Let (2, %) be a Kelvin-Planck system for which all Clausius scales
are constant multiples of some fixed one. The set of all linear combinations of
Carnot elements of (2, €) is dense in the set of all reversible elements of (X, €).

Proof. Let T be a Clausius temperature scale on 2 for the Kelvin-Planck
system under consideration, and let & C .#(X) denote the span of its Carnot
elements. When ¢t is a reversible element of (2, %), and therefore satisfies

dyt

. - = 0, ®.7
we must show that ¢7 is contained in ¢/(%). Suppose it is not. Then the compact
set {# T} is disjoint from the closed linear subspace /(). In this case Theorem 2.1
ensures the existence of a continuous linear functional on .#(ZX) that takes a
positive value on {1} and takes the value zero everywhere on «/(&). (Recall
the discussion following Theorem 2.1.) Every continuous linear functional on
H(X) is of the kind ¢ for some ¢¢€ C(Z,R). (Recall the discussion of .#(X)
in Section 2.) Thus, we are ensured the existence of a function ¢ & C(Z,R) such
that

f ¢ d;zT >0 (9.8)
and i
f¢d¢=0, A\ AT ACHR 9.9)

z
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Let ¢'¢ X be some fixed state and let ¢ € 2" be any other state. It follows from
Remark 9.2 that T(c¢”) d,, — T(¢)d, is a Carnot element of (X, ¥) and is therefore
contained in &%. From (9.9) we have

v_[¢> d[T(o") 65 — T(0) ;] = T(s") (") — T(0) ¥0).

= 0.
Thus,

(o) =7l‘7~)(((f)ﬂ, VeoclZ,

whereupon ¢(-) is a constant multiple of 1/7(:). This, (9.7) and (9.8) taken together
provide a contradiction.

10. Concluding Remarks

Remark 10.1. In Section 3 we suggested that, throughout most of this article,
it would be useful to keep in mind a cyclic heating system that derives from
consideration of cyclic processes suffered by bodies composed of a prescribed
material. In such a case elements of 2 would be identified with elements of a
constitutive domain appropriate to the material at hand.

However, we also alluded to the idea that a cyclic heating system might
characterize a theory of cyclic processes suffered by bodies of arbitrary constitution.
In this case, means employed to describe the states of material points would be
required to transcend features of particular materials. For example, a cyclic
heating system might characterize a theory that presupposes the existence of an
“empirical temperature scale” which, for any substance, associates with each
material point a numerical description of its instantaneous ‘‘state of hotness”.
In such a context, X might be identified with a bounded closed real interval E
of empirical temperatures and ¥ might be identified with heating measures on E
corresponding to cyclic processes (suffered by any body) wherein no material
point experiences an empirical temperature outside E. In a similar but more
fundamental vein, SERRIN ([S1]-[S3]) presupposes the existence of a universal
hotness manifold (an oriented continuous one-dimensional real manifold), ele-
ments of which are Aotness levels, and he presumes that for any body at any instant
each material point has associated with it a hotness level. In this case X' might be
identified with a compact set H of hotness levels and ¥ with heating measures
on H corresponding to cyclic processes (suffered by any body) wherein no material
point experiences a hotness level outside H.

With H and ¥ so interpreted, it is our purpose here to state results of some
of our work in a context similar to SERRIN’S. However, we shall not presume in
advance that H has any ““one-dimensional” structure; rather, we shall presume
only that H is a compact Hausdorff space. For the rest of this remark we ensure
compatibility with the Second Law by requiring that (H, %) be a Kelvin-Planck
system. Moreover, we shall also suppose that (H, %) has the following property:
For e H and hc H,

8y — 0,€% and &, — SpC G = = h. (10.1)
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Property (10.1) ensures that elements of H are in fact hotness levels in the sense of
Definitions 6.1 and 6.2. Thus, with (10.1) in force, there is no real distinction
between the “space of states” and the “‘space of hotness levels” for the Kelvin-
Planck system (H, ¥). (In particular, there is no real distinction between the set
Z of Clausius scales on the “space of states” and the set 7, of Clausius scales
on the ““space of hotness levels.””) Note that condition (10.1)is equivalent to the
requirement that each pair of distinct hotness levels be distinguished by at least
one Clausius temperature scale (Theorem 6.1).

In the following statements we summarize consequences for the Kelvin-Planck
system (H, ) of some, but not all, of the theorems contained in Sections 4-9.

A. From Theorem 4.1: There exists for (H, €) a Clausius temperature scale.
That is, there exists a continuous function T: H->P such that

T .
H

Note that this result derives directly from the Kelvin-Planck property by way
of the Hahn-Banach Theorem; no appeal is made to the existence of special
materials or of special processes.

B. From Theorems 8.2 and 8.3: If H is totally ordered by 3>~ then it can only
be the case that H is both homeomorphic and order-similar to a subset of the real
line; in particular, if H is connected then H is both homeomorphic and order-similar
to a bounded closed interval of the real line. In fact, if T(:) is any Clausius scale for
(H, €) then T(-) provides a homeomorphism between H and T(H). Moreover, T(-)
preserves order faithfully; that is,

W i>he T > TWH).

C. From Theorem 9.1 and its corollaries: Let T: H—P be a Clausius
temperature scale for (H,%¥). Then all Clausius scales for (H,6) are constant
multiples of T(-) if and only if both T(h') 6,y — T(h) &, and its negative are members
of % Jor every pair B, h€ H. If T(:) is an essentially unique Clausius temperature
scale for (H, €) then the reversible elements of (H, €) are precisely those g€ .#(H)
that satisfy

dy
g - = 0; (10.2)
in particular, if ¢ € #(H) satisfies (10.2) then both ¢ and —g are members of
%. Moreover, if T(-) is an essentially unique Clausius scale and (H, €) admits at
least one irreversible element then the irreversible elements of (H, €) are precisely
those ¢ € H#(H) that satisfy

dy
% <o, 10.
JT <0; (10.3)
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in particular, if ¢ € #(H) satisfies (10.3) it must be the case that ¢ is a member
of €.

Remark 10.2. Our emphasis throughout has been on existence and properties
of continuous functions that serve as Clausius temperature scales for a cyclic
heating system (2, ¥). When X has enough structure so that it makes sense to
speak about differentiation of functions defined on X, it may be important to
know about existence and properties of Clausius scales which are not only con-
tinuous but also possess a specified degree of smoothness. In fact, we can restrict
attention to Clausius scales having features of this kind by modifying the topo-
logy on .#(X) in an appropriate way.

We state the relevant facts abstractly. Suppose that & is a linear subspace
of C(2,R), not necessarily closed, such that for any pair of distinct elements
in .#(2), say u and v, there exists ¢ < # for which

[bduz [édv.

(Note that when X' is a differentiable manifold, & may be taken to be the sub-
space of real-valued functions on X' that are k-times continuously differentiable,
for such functions separate measures as indicated.) The F-topology on #(X)
is the coarsest topology which, for every ¢ € %, renders continuous the linear

functional ¢ on A(X) defined by
)= [ ddpu.

Clearly the &#-topology is contained in the weak-star topology (Section 2) and,
in fact, coincides with the weak-star topology when & is taken to be C(Z,R).
Since the Z#-topology is no finer than the weak-star topology, every weak-star
compact set in .#(2) is also #-compact. Moreover, when .#(X) is given the #-
topology every continuous linear functional on .#(Z) is of the form ¢ for some
¢ F. Thus #(X), endowed with the F-topology, has the essential features
used in proofs of theorems in preceding sections, except that elements of &
assume the role formerly played by elements of C(X,R).

The topology of #(X) enters our analysis of a cyclic heating system (X, %)
primarily through the definition of %. Recall that @ is the closure of Cone (%).
Had we given .#(2) the #-topology and interpreted the closure operation

accordingly, % would be no smaller and could in fact be larger than it was when

(X)) carried the weak-star topology. Thus, with % interpreted in the sense of the
F-topology, the Kelvin-Planck condition (Definition 3.2) is either identical to
or stronger than its weak-star version.

For the rest of this remark we presume that .#(X) has the #-topology, and
we interpret ¥ and the Kelvin-Planck condition in the corresponding sense.
In this case the proof of Theorem 4.1 is easily modified to show that a cyclic
heating system (X, €) is a Kelvin-Planck system if and only if there exists T: X — P
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such that 1/T is a member of F and

fd—¢<o V%
T=" 78

P

(Note that if X' is a differentiable manifold and & is taken to be the subspace of
all real-valued functions on X' that admit k& continuous derivatives, then 1/7 lies
in & only if T itself lies in &#.) Provided that we strengthen our definition of
a Clausius temperature scale to include the requirement that 1/7 be a member
of &, certain important theorems in preceding sections hold true as written. In
particular, this is the case for Theorems 6.1 and 9.1, but it should be kept in

mind that € requires the #-topology interpretation in Definitions 6.1, 9.1, and
9.2.

Remark 10.3. Although our concern here has been with questions pertaining
to the Clausius inequality, we intend to address issues connected with the more
general Clausius-Duhem inequality in a separate study. To a great extent SERRIN’S
casting of the Clausius inequality in terms of heating measures made possible
the analysis contained in this article, and we wish to suggest here how the Clausius-
Duhem inequality might be similarly cast in order that it might be studied in a
similar way. For this purpose we believe there is considerable advantage in joining
SERRIN’S use of heating measures to describe heat receipt by a body during the
course of a process with means employed by NoLL [N2] to describe the condition
of the body as the process progresses.

Consider a thermodynamical theory of bodies composed of a prescribed
material, and suppose that states of material points are identified with elements
of a Hausdorff space. By way of analogy to work in preceding sections we
restrict our attention to processes (not necessarily cyclic) wherein no material
point experiences a state outside some compact set 2. With each such process we
associate a heating measure, ¢ € #(2), interpreted just as in Section 3. More-
over, at any instant during the process we can identify the condition of the body
suffering the process with a measure » € .# (%) to be interpreted in the following
way: For each Borel set B C 2, the number »(B) is the mass of that part of the
body consisting of material points experiencing states contained within B. In
particular, »(X) is the mass of the entire body. With x; denoting the initial con-
dition of the body (at the beginning of the process) and  denoting its final
condition (at the end of the process), the measure e — w2;€ H(X) describes
the change of condition the body experiences upon suffering the process in question.
To reflect the idea that the body should admit no change in its total mass we
require that s, — #; be a member of the linear subspace

M) = {p e ME)| W) = 0}.

Thus, with each process admitted by the theory under consideration we can
associate a pair ‘ '

(omp — iy ) € MH(E) D M),
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where sz — 22; 1s the change of condition in the body suffering the process
and ¢ is the heating measure for the process. For the purposes of this remark,
then, we can identify all processes admitted by the theory with a set

PC a2y #().

In essence, the Clausius-Duhem inequality amounts to an assertion that
there exist {continuous) functions 7:2X— P and s:2—R such that

d
8 d(weg— ) — Z =0, Y (s — 2y, ¢) € P. (10.4)
f T f 7

The function T(-) is a Clausius-Duhem temperature scale and s(-) is a specific
entropy function. That is, for each o€ 2, T(o) and s(o) give the temperature and
entropy per mass at a material point in state . If s and s, give the initial and
final condition of a body suffering a particular process, then the initial entropy
of the body is

f s dm,-,

and its final entropy is
[ 5 dong;

thus, the first integral on the left of (10.4) is the change of entropy the process
induces in the body.

We believe that issues connected with the Clausius-Duhem inequality can
be profitably addressed in terms of the following question: How is the nature of
the set P related to the existence and properties of pairs (s(-), T(-)) that satisfy
(10.4)? It is a question of this kind that we intend to take up in the future.*

Appendix A. The Convexity of c

Here we prove Proposition 3.1. We wish to show that if 2, C Px.#(2)
enjoys Properties 1-3 listed in Section 3 and if the set % is as defined just before
the statement of Proposition 3.1, then the set

%: = o (Cone (%))

is convex. Because ¥ is a cone it is enough to show that if ¢, and ¢, lie in % then
so does ¢; + ¢,.

Ideas underlying the proof might be described in rough terms as follows:
If 4, and ¢, are cyclic heating measures (i.e., members of %) corresponding
to two processes of identical duration then Property 1 gives the desired result
immediately. If the durations 7, and 7, are not identical but 7,/r, is a rational
number then Properties 1 and 2 can be used in conjunction to show that ¢, + ¢,
is a member of Cone (¥). If the durations are not rationally related then Property 3

_* Work by CoLeMaN, OWEN, and SERRIN on thermodynamic foundations underlying
the Clausius-Duhem inequality has appeared very recently. See [COS] and [O]. For
a summary of results aling the lines sketched above see our appendix in [T3].
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can be invoked to assert the existence of a cyclic heating measure ¢; € ¥ which
is close to ¢, and which corresponds to a process of duration 7, where 7, is
close to 7, and is rationally related to 7,. Thus, ¢, + ¢, is close to ¢; + ¢,
which in turn is a member of Cone (¥). In this way we can show that ¢, + ¢,
is a member of ¢/ (Cone (¥)). When ¢, and ¢, are not both members of € but

are members of ¢ the fact that 71+ ¢, lies in & follows from the fact that #1
and ¢, are approximated by members of Cone (%).

Proof of Proposition 3.1. In our proof we use the following notation: With
k a positive number, » an element of .#(X), and 2 a subset of .#(X) we take the
sets kQC A(X) and » + Q C #(X) to be defined by

kQ:={kpe M) | ne 2},
v+ Q= +uc M) pe .
We proceed by way of two lemmas.

Lemma A.1. If ¢, and ¢, are members of € and n; and n, are positive integers,
then nygy + nyg, is a member of €. In particular, ¢, 4+ ¢, is a member of €.

Proof. Since ¢, and ¢, are members of ¥ we have that (zy, ;)€ %, and
(72, #2) € . for positive numbers 7, and 7,. Let £ be any neighborhood of zero
in #(X). By Property 3 there isa 6 > 0 such that for each 7{ with |7; — 7,| < 4,
there exists

, 1
rien ()

such that (r, #1) € 2. Now let m; and m, be positive integers such that

m, 1 0
m, T2 T2
Thus,
m,T,;
—T|< 69
m;

whereupon for some gi€g¢; + (1/n) 2 we have (m,7y/my, ¢)€P.. By
Property 2 we therefore have

(72, myg1) € 2,
and, again by Property 2, we also have
(myvy, magr) € 2.
Now we invoke Property 1 to assert that A
(myzy, mumpnygy) and (myTa, mMymahyg,)
are also members of #,.. From this and Property 1 we deduce that

(myro, muma[nygy + naga))
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is a member of 2, as well. Thus, mym,[nyg1 + nyg,] is a member of €, from which
it follows that

nig1 + nyg, € Cone (%).
Since 41 € ¢4 + (1/ny) 2 we therefore have that the set
(ny191 + ny9,) + 2
has a non-empty intersection with Cone (%). We conclude that
ny¢y + naps € of (Cone (%)).

Lemma A.2. If ¢, and 72 are members of Cone (¥) then ¢, +- ¢, is a member
of %.

Proof. We first show that if #; and 4, are members of ¥ and 8, and §8, are

positive rational numbers then fy¢; + B¢ is a member of €. Let B, = n,/m,
and f3, = n,/m,, where ny, n,, m;, and m, are positive integers. Then

1817{ =+ ﬂz?é = - [n1m271 n2m1¢2]
Because ¢, and ¢, are members of € it follows from Lemma A.1 that the element
in brackets is a member of ¥. Since ¥ is a cone, the equation above implies that
Bigt + Bags is an element of %.

Now suppose that », and ¢, are members of Cone (¥). Then there exist
positive numbers, &, and «,, and elements of %, 7; and ¢,, such that ¢, = ;¢
and ¢, = x,¢5. Thus

14 14
71+ g2 = Kig1 + Gog3.

If ; and «, are both rational we have from the argument above that ¢, + ¢, € €.
If x, and «, are not both rational then any neighborhood of &;¢; + %y, con-
tains an element f¢; - B2, Where 8, and §3, are rational. But we have already
argued that such an element lies in %. Thus, every neighborhood of ¢4 - ¢,
meets . Since % is closed 71 + 7, must lie in %. This completes the proof of
Lemma A.2.

To complete the proof of Proposition 3.1 we suppose that ¢, and ¢, are
members of % and show that g1 -+ g is also a member of € = </ (Cone (%)).
Because .#(X) is locally convex it suffices to show that if Q is any convex neigh-
borhood of zero then (y; + #,) + 2 meets the closed set &. Let 2 be such a
neighborhood. Since #; and ¢, lie in «/ (Cone (%)) the sets ¢, - (1/2) 2 and
72 + (1/2) 2 must meet Cone (¥). Thus, there exist elements »,,7,¢ 2 and
#15 72 € Cone (%) such that

+ (1/2) vy = ¢1 and g5 + (1/2) v, = ¢5.
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Therefore
(¢1+¢2)+( v1+ )=¢i+¢é-

By Lemma A.2, ¢; + ¢; isa member of . Since 2 is convex, (1/2) v, + (1/2)»,
is an element of 2. Thus, the set (¢, + ¢,) -+ £2 meets €, whereupon ¢; + ¢,
is a member of ¥. This completes the proof of Proposition 3.1.

Remark A.1. Compactness of 2’ plays no essential role in the proof of Propo-
sition 3.1. It is included in the statement of the proposition only to reflect the
mathematical setting established in Sections 2 and 3.

Appendix B. Existence of a ,>--Monotonic Clausius
. Temperature Scale

Proof of Theorem 7.2. We need a few facts from topology: A compact Haus-
dorff space has a countable base of open sets if and only if it is metrizable ([B,
Part 2], Prop. 16, p. 158). A metrizable space (not necessarily compact) has a
countable base of open sets if and only.if it contains a countable dense set ([B,
Part 2], Prop. 14; p. 156). If X is a compact metrizable space then C(X,R),
endowed with the metric topology induced by the norm [|f]., = sup {|f(x)|: x€ X},
contains a countable dense set {[D4], p. 140).

By virtue of Lemma 6.3 (b), H is a compact Hausdorfl space. If H has a
countable base of open sets (or, equivalently, is metrizable) then C(H, R)contains
a countable dense set. Thus, the metric space C(H,R) has a countable base of
open sets. This gives a countable base for the relative (metric) topology on
7. C C(H,R). Hence 7, contains a countable dense set, say {79, T, ...}.

Now, for n=1,2,..., let the function ¢,: H—> P be defined by

$uh) = 1TO(h).
Moreover, let- ¢,: H— P be defined by

oo ¢n

to= 2 g
The series converges uniformly so that ¢, is continuous, Since, for n =1, 2, ...,
we have '

[ buomdy <0, Vgedg,
z

we also have
[doomdy <0, Vgc&.
Py

Therefore the function
= 1/¢o
is a Clausius. scale on H.
Next we show that T, has the des1red property. Let 4’, h€ H be such that
A > h. Wewish to show that T, (k") > T (h). Theorem 7.1 ensures the.existence
ofa T, €7, such that T, (h)> T, (k). Since {TP, TP, ..} is dense in T,
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there is a T close enough to T, so that TP(h") > T(h) and ¢,(7") < $,(h).
Moreover, Theorem 7.1 ensures that ¢, (h') < ¢(h), k = 1,2, .... It follows that
$o(h') < do(h) and Tg(h") > T (h).

To prove the last assertion of Theorem 7.2 we observe that if the compact
set X is a metric space then it has a countable base of open sets. So then does H
(Lemma 6.3¢).

Appendix C. Addendum on the Relation ;>

Our purpose in this appendix is two-fold. First we show in Example C.1
that if A" and / are hotness levels of a Kelvin-Planck system such that T, (h") >
T,(h) for all T, € 7, it need not be the case that 4’ and & are ;>-comparable.
This same example also serves to demonstrate that the implication (i) = (ii) of
Proposition 8.2 cannot be reversed (Remark C.1). Second, we show in Proposi-
tion C.1 that ;> gives a partial order to the hotness levels of a Kelvin-Planck
system.

Example C.1. Let X be a set consisting of three elements oy, 0,, and o;.
We give X the discrete topology; thus, X is compact and Hausdorff. Moreover,
C(Z, R) is identical to the set of all real-valued functions on X, and we give the
three-dimensional vector space C(2,R) its usual (norm) topology.

Let # C C(Z,R) be defined by

F1={fe CER) |20, flo2) Z V3 (o), f01) Z [(fle2)) + (flo))']".

It is not difficult to see that & is a closed convex cone.
Also let € C .#(X) be defined by

%: ::¢E/%(Z)|2ffd¢§0, erg«'}.

Note that € is a closed convex cone so that & is identical to the set @: = ¢/ (Cone
) | | o

Because & contains (strictly) positive elements it follows easily that € contains
no non-zero positive measure. Thus (X, ¥) is a Kelvin-Planck system. Moreover,
we show in Appendix G that

[fdg =0,V ye% = feF.
P
Therefore the set J of all Clausius temperature scales on X coincides with the
set of functions obtained by taking reciprocals of strictly positive functions in % .
Since the positive functions of & separate points of 2. it follows from Theorem 6.1
that no two points in 2 lie in the same hotness level. Thus, the hotness levels may
be identified with points of 2, and there is no real distinction between Clausius
scales defined on X' and Clausius scales defined on the set H of hotness levels.
Now let f be a strictly positive element of #. From the definition of & it
follows that f(o,) > f(02) > f(0;). Thus, for the Kelvin-Planck system (X, %)
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we have
T(o3) > T(0) > T(cy), VTeT. (C.1)

We wish to show that ¢, and ¢, are not ;>--comparable. If o, and o, are
3>--comparable we must have, by Theorem 7.3, that ¢, 3> ¢;, which requires
the existence in % of an element g = 0,, — 0,, +v with v€.# (X)\ {0}. The
set F clearly contains an element f;, such that fy(e;) = fo(g2) > 0 and fy(s;) = 0.
If ;7 is a member of ¥ we must have

0= Effo dg = fo(02) — folo) + [fodv= [fo v
This implies that supp» = {o5}. Thus, for any f€ # we have
0= Ef fdg =f(o2) — flo)) + v({o3}) flos). €2

Now for any 0= 6 =< n/6 the function fe€ C(Z,R) defined by floy) =1,
f(o,) = cos ® and f(o;) = sin @ is a member of #. For such an element (C.2)
takes the form

0= cos & — 1 4 »({o3}) sin O. (C.3)

For any positive value of »({o3}), however, (C.3) fails to obtain for sufficiently
small positive values of @ (since cos @ — 1 ~ ©%/2, sin @ ~ ). Hence we
have a contradiction.

Remark C.1. Example C.1 serves to demonstrate that the implication (i) = (ii)
of Proposition 8.2 cannot be reversed. By virtue of the inequalities (C.1) the
Kelvin-Planck system constructed in Example C.1 has the property that, for every
Clausius scale, the isotherms induced in 2 are identical to hotness levels (in this
case the sets {o,}, {05} and {0;}). Nevertheless, the hotness levels are not totally
ordered by ,>-: in particular, {o,} and {o,} are not ;>-comparable.

Proposition C.1. Let (X, ¥) be a Kelvin-Planck system with hotness levels H.
The relation >~ is a partial order on H.

Proof. Antisymmetry has already been proved in Remark 7.7. We show here
that ;> is transitive. Suppose that 4" ;> k" and 4’ 3)> h. From Definition 7.2
it follows that there exist measures

K=+ EE (C.4)
and

U — @+ 1€ %, (C.5)
where 1", ui, v1, #a, i, and », are all-non zero elements of .# () with

supp " C k", supp uy C I, p/" (") = pa(H')
and

supp uy C i, supp u Ch, pia(R) = p(h).
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Moreover, since € is a cone there is no loss of generality in taking

i) = ). (C.6)
Because € is a convex cone we can add (C.4) and (C.5) to obtain
K=y )+ (s — u €. (C.7

To show that A’ 3>~ A it suffices to show that u; — u; is a member of %, for
then this measure can be added to (C.7) to produce an element in € of the kind

required by Definition 7.2. That u; — s, is an element of %isan easy consequence
of Lemma 6.2 since, for every T€ .9, we have

1 , , | A .
Ef—T—d[m — 3] = gy W) — il = 0.

Appendix D: The Relation , >

Recall that if 4" and % are hotness levels of a Kelvin-Planck system (X, %),
then A’ is hotter than A in the first sense (A" > A) if there exists

g=u —pu-+ree, (D.1)
where 4 and y’ are elements of .#_(X) such that
supp u’ C A, supp u C h, p'(h) = p(h) >0, (D.2)
and .
Ve e/”+(2) . (D.3)
Recall also that if there exists ¢ ¢€ % satisfying all of the above with v
vE M (2)\ {0} (D.49

then %’ is hotter than A& in the third sense (&' 3>~ h).
Although there does not seem to be much room between the relations ;>
and ;>>, the condition

T (W) > T, (h), VYT,eT, (D.5)

is somewhat stronger than the condition 4’ ;>4 (recall Theorem 7.1) but
yet is not sufficiently strong as to ensure that A’ 3> A. (In particular, we have
seen in Appendix C that (D.5) does not imply that A and 4 are ;>--comparable.)
Here we posit yet another hotter than relation (;>>) which is intermediate in strength
between ;> and ;> and which, like the others, is defined solely in terms of the
supply € of cyclic heating measures. In fact we shall prove that the condition
h 2> h is equivalent to (D.5).

To begin we let 42’ and A be hotness levels of a Kelvin-Planck system (X, %),
and we define

R, h): ={u —pe M) | and p satisfy (D.2)}.
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It is not difficult to see that Z(%’, &) is a convex cone. Moreover, by expressing
(D.1) in the form v = ¢ — (4" — ), we also see that A’ ;> A if and only if

NN [ — RH, B)] + 6. (D.6)
The following definition weakens (D.6) slightly by enlarging the set [‘? — AW, h)].

Definition D.1. For a Kelvin-Planck system (X, %) with hotness levels H we
say that h'€ H is hotter than hc H in the second sense (denoted h' ,>> h)

if ¥ =h and R
[ GO\ N £ [6 — R, )] + 6.

Thus, we have 7’ ,> h if, for some fixed non-zero »¢€ #_.(X), there exists

in € an element which is approximated by measures of the form u' — u + »,
where p” and u satisfy (D.2).
It is easy to see that

W as>h=Hh,>h
The implication
Wo-h=h o~h

will result from Theorem 7.1 and the following theorem:

Theorem D.1. Let b’ and h be hotness levels for the Kelvin-Planck system
(&, ). Then the following are equivalent.

@ A" 2> h.
(i) T, (W) > T (h) for every Clausius temperature scale T, € T .

Proof. In proving Theorem D.1 we shall draw upon a proposition which will
be used not only here but also in Appendix E. For this reason we state and prove
the proposition separately in Appendix F. At this point the reader might wish
to see Appendix F or at least glance at Corollary F.1.

We prove the equivalence of (i) and (ii) in Theorem D.1 by showing that their
negations are equivalent. The negations take the form

@ LD\ N of [6 — R0, B)] = 8.
(i)’ There exists T, € T, such that T, (h") =< T, (h).
Statement (ii)’, however, is equivalent to

(iil)" There exists T€ J such that

1
[=dw —wz0, v —perw,n.
Py
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The equivalence of (ii)” and (iii)’ follows from the fact that if u" — g is an element
of #(h, h) and T is a Clausius scale on X, then

Lo ) ) 1
ST =5 e 0 -5~ 7o)

The equivalence of (i)’ and (iii)’ is an immediate consequence of Corollary F.1.
(Identify & in Corollary F.1 with #(#’, k).) Thus (i)’ and (ii)’ are both equivalent
to (iii)’.

Corollary D.1. Let ' and h be hotness levels for a Kelvin-Planck system (X, %).
Then

B>~ h=h > h.

Proof. If A’ ,>>h Theorem D.1 requires that T,(h") > T,(h) for every
T, € J,. This implies condition (ii) of Theorem 7.1, which in turn implies
that »" > h.

Corollary D.2. Let (2, %) be a Kelvin-Planck system with hotness levels H.
Then ,> is a partial order on H.

Proof. Both antisymmetry and transitivity are easy consequences of condition
(i) of Theorem D.1.

The following corollary improves Proposition 8.2.

Corollary D.3. Let (2, €) be a Kelvin-Planck system, let H be its set of hotness
levels, and let I be its collection of Clausius temperature scales on X. Then the
Jfollowing are equivalent:

(i) H is totally ordered by ,>.

(ii) For each T€ J every T-isotherm coincides with a hotness level. That is,
ir(0) = n(o) for every TE€ T and every o€ 2.

Proof. We remind the reader that results of Section 6 ensure that, for any
Clausius scale 7, each hotness level resides entirely within a T-isotherm. Thus,
(if) amounts to an assertion that, for any 7€ 7, each T-isotherm resides entirely
within a hotness level.

Suppose that (i) holds but (ii) does not. Then there exist states ¢’ and o be-
longing to distinct hotness levels 4" and A such that T(c’) = T(s) for some
Tc 7. With T, the Clausius scale induced on H by T we have T, (k") = T, (h).
Because #° and £ are distinct and ,>~-comparable Theorem D.1 requires that
T, (7") == Ty (h). Thus we have a contradiction.

Next suppose that (i) holds but (i) does not. Let 4’ and 4 be distinct hotness
levels which are not ,>-comparable. Then Theorem D.1 ensures the existence
of Clausius scales T}, T2¢€ 7, such that

Ti(h) = TX(h) and T2(W) < T2(h).
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In the case that inequality holds in both of the above we can, as in the proof
of Proposition 8.1, construct T, € 7, such that T2(h) = T2(h). In any case,
then, there exists T, € 7, such that T,(h) = T,(h). Thus, the distinct hot-
ness levels 4" and 4 reside in the same isotherm of the Clausius scale 7, - w€ 7.
This contradicts (ii).

Remark D.1. Even when H is not totally ordered by ,>> we may still assert
the equivalence of the following:

(i) Hotness level h is ,>>-comparable to all other hotness levels.
(ii) For each T¢ F hotness level h coincides with a T-isotherm.

Proof of this equivalence is similar to the proof of Corollary D.3.

Corollary D.4. Let H be the set of hotness levels of a Kelvin-Planck system
(2, ©). If H is totally ordered by ,>>~ then H is homeomorphic and order-similar to
a subset of the real line. Moreover, every Clausius temperature scale T, € T ,
reflects the order precisely and provides a homeomorphism between H and T, (H).
In particular, if 2 is connected then H is homeomorphic and order-similar to a
closed and bounded interval of the real line.

Proof. The proof is virtually identical to that of similar results obtained in
Section 8 under the stronger hypothesis that H is totally ordered by ;. There
the essential ingredient was the implication (i) = (ii) of Theorem 7.3. The impli-
cation (i) = (ii) of Theorem D.1 gives the required improvement.

Appendix E. Non-Compact State Spaces

In the main body of this article the state space 2 was taken to be compact.
Here we study consequences of relaxing this constraint. Counterexamples will
be presented to demonstrate that, without modification, neither Theorem 4.1
(existence of Clausius scales) nor Theorem 9.1 (uniqueness of Clausius scales)
obtain for non-compact 2. We shall, however, prove generalizations of these
theorems which are appropriate for situations in which X is locally compact.
Although no attempt will be made to reconstruct all results of Sections 4-9 for
locally compact X, we believe that what we do here should provide a reasonably
clear indication of how such a reconstruction can be effected.

Throughout this appendix X will always be a locally compact Hausdorff
space. In Section 2 we established some vocabulary for the case in which X' is
compact, and we need to indicate how that vocabulary should be amended to
accommodate the more general situation in which X is locally compact. In parti-
cular, we require some care in specifying what we mean by the vector space
M),

In Section 2 we defined the support of a positive measure on 2. Here we ex-
tend that definition to embrace non-positive measures as well. Let x4 be a regular
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real Borel measure on X, and let £2 2 be an open set. We say that u is zero
on 2 if, for every Borel set B £2, we have u(B) = 0. By the support of u we
mean the subset of 2 defined by

suppu: =2\ (V{2 CZX| L2 is open and p is zero on £2}).

It is clear that supp p is closed; it may or may not be compact.

By .#(2) we mean here the vector space of regular real (signed) Borel measures
on X with compact support. Note that when 2'is compact the definition of .# ()
given here coincides with that given in Section 2. By .#_,(2) we mean as before
the convex cone consisting of positive measures in .#(2) (including the zero
measure), and by .#' (X) we mean the convex set in .#,(X) consisting of measures
of mass one. For compact K 2 we define

M) = {pe #(Z)] supp u C K},

(E.1)
ME(Z): = {ue M ()| supppu C K},
and

MENE): = (e MY (Z) | supp p C K.

These sets are easily shown to be convex. -
Recall that for each ¢¢€ C(X,R) the function ¢:.#(2)—R is defined by

)= [ ddv.

As in Section 2, we give .#(2) the coarsest topology that renders ¢ continuous
for every ¢ € C(2,R). When X is locally compact it remains the case that .#(2)
is a locally convex Hausdorff topological vector space, and every continuous real-

valued linear function on .#(X) is of the kind ¢ for some ¢ ¢ C(2,R).

There is, however, an important property .#(2) has when X is compact that
does not carry over when we require only that 2 be locally compact: With X
locally compact it is not generally the case that #*'.(X) is compact. Compactness
of .#" (X) entered the proofs of virtually all theorems in Sections 4-9, and it is
this lack of compactness that we must confront in this appendix. Nevertheless,
when X' is locally compact .#" (X) is closed and, if K X is compact, we have
that .#%'(2) is compact.

Here we take a cyclic heating system to be as in Definition 3.1 with “locally
compact” replacing ‘““compact”.* As in Definition 3.2 we take a Kelvin-Planck
system to be a cyclic heating system for which

G N A(Z) = {0}, (E.2)
where .
%: = ¢f [Cone (¥)]. (E.3)

* The interpretation of the sets 2’ and ¥ is the same as that given in Section 3.
The fact that € is a subset of .#(X)implies that all elements of ¢ have compact support.
This we think is natural, given the interpretation of elements of ¥. Regarding the con-

vexity of € when Z is not compact, the reader might wish to see Remark A.1 of Ap-
pendix A.
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By a Clausius temperature scale for a cyclic heating system (2, ¥) we mean, as
before, a continuous function 7:2% — P such that

d
<0, vyce. (E4
= 7

P

The following example demonstrates that, if X' is not compact, a Kelvin-Planck
system need not admit a Clausius temperature scale.

Example E.1. Let 2 = [0, c0) and, for x& 2, let
d()=2x, $()=1—x%
Moreover, take & C C(2,R) and ¥ C #(2) to be defined by

,9'—: ={¢EC(23R)I¢: s¢1 _l_ t¢2,s20;t20}
and

%: ={¢E.//{(Z)

[$ds =<0, V¢eg7}.
z
We show in Appendix G that % is a closed convex cone (i.e., - %) and that
$ECZ,R) and [¢dy =0, Vgc¥ = ¢c&. (E.5)
z

To see that (2, ¥) is a Kelvin-Planck system (i.e., that (E.2) holds) we suppose
that ¢° is contained in € /N .#_(&). Then we must have

f¢1 dy® = 0. (E.6)
P
Since ¢° lies in .#,(2) and ¢, is positive on (0, oo) it follows from (E.6) that
supp ¢#° C {0}. E.D
We must also have that
0= [ dp° = $:0) #°(0) = #°(0). (E8)
z
Since #° lies in .#(2), (E.8) can hold only if
#°({0}) = 0. (E.9)

But (E.7) and (E.9) ensure that ¢° = 0 so that (2, ¥) is a Kelvin-Planck system.

Now if T: X — P is a Clausius temperature scale for the Kelvin-Planck system
(&, %), (E.5) requires that 1/7 be a member of &#. But & contains no strictly
positive functions. In fact, every element of # takes the value zero somewhere on
2 so that no element of & admits a reciprocal. Thus, the Kelvin-Planck system
(2, ¥) admits no Clausius temperature scale.

Example E.1 demonstrates that a Kelvin-Planck system must have additional
properties before we can be sure that it admits a Clausius scale. In preparation
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for a discussion of what such properties might be, it will be useful to review the
considerations that led to our definition of a Kelvin-Planck system in the first
place (Section 3).

To ensure that a cyclic heating system (X, ) be compatible with the Kelvin-
Planck statement of the Second Law we began by imposing the condition

&N A, (X) is at most the zero measure. (E.10)
This, we argued, is equivalent to the condition
Cone (€) N\ # () is at most the zero measure. (E.11)

For the purpose of our discussion here we now wish to assert that (E.10) and
(E.11) are equivalent to yet another condition:*

[Cone (B) — A ()] 4 (X) is at most the zero measure. (E.12)

That (E.12) implies (E.11) is an easy consequence of the fact that Cone (%) lies
in Cone (¥) — #(X). Moreover (E.11) implies (E.12), for if (E.12) does not
hold then there exist ¢ € Cone (%), v<€ .#,(X) and a non-zero v € .4 (X)
such that 4 —v =1"; thus ¢ = v 4 %', which contradicts (E.11).

In Section 3 we wanted our definition of a Kelvin-Planck system to carry
the implication that cyclic processes not only respect the Second Law but also
that they do not come arbitrarily close to standing in violation of it. We considered
two days in which this requirement might be made precise. First, we strengthened
(E.10) to insist that

cf (E)Y N M (L) is at most the zero measure; (E.13)
and, second, we strengthened (E.11) to require that
o [Cone ()] N M (X) = {0}. (E.14)
Here we also strengthen (E.12) by writing
of [Cone (6) — M (DN M (X)) = {0}. (E.15)

Despite the fact that conditions (E.10)-(E.12) are equivalent, conditions
(E.13)—(E.15) are not. In our consideration of Example 3.3 we showed that, when
% is not a cone, (E.14) may be stronger than (E.13). In rough terms, the central
idea there was that cyclic heating measures could come arbitrarily close to being
“positive in direction” even when the cyclic heating measures themselves do not

* By Cone(%¥) — .#.(X) we mean the algebraic difference, not the set theoretic
difference. Thatis, u €& Cone(¥) — #.(X) ifand onlyif u = 4 — v with ¢ €& Cone(%)
and v€ #,(Z). It is useful to keep in mind that .#,(Z) contains the zero measure;
thus, Cone(%) is contained in Cone(¥) — 4 (X).
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come arbitrarily close to being positive. With this in mind, we argued that there
is some advantage to posing statements of the Second Law in terms of directions
in the vector space .#(X) along which cyclic heating measures lie. As we shall
see, (E.15) may be stronger than (E.14) even when % is a closed cone.

In order that we might discuss the distinction between conditions (E.14) and
(E.15) it will be useful to make precise the notions of ““direction,” “‘positive di-
rection,” and also the idea that one direction is ““less positive” than another. By
the direction of an element € .#(X) we mean the set Cone ({u})—that is, the
set of all measures of the form cu with ¢ a positive number. Thus, the direction
of u is the set of all elements of the vector space .#(Z) that “point along” u.
Note that Cone (%) is the union of all directions of cyclic heating measures;
these we call the cyclic heating directions. The direction of any non-zero element
of # (X) we call a positive direction. Note that 4 (X)\ {0} is the union of all
positive directions. We shall say that the direction Cone ({u}) is less positive than
the direction Cone ({u'}) if

Cone ({u}) C Cone ({u'}) — (M AD)\ {0}).

Thus, a direction is contained in

Cone () — [#4(2)\ {0}]

if and only if it less positive than a cyclic heating direction. The union of all such
directions taken together with the cyclic heating directions is then

Cone (¢) — A _(2).
In rough terms, a direction lies in the cone
%: = o [Cone (¥)]

if and only if it comes arbitrarily close to being a cyclic heating direction. Simi-
larly, a direction lies in the cone

%: = of [Cone (%) — J ()]

if and only if it comes arbitrarily close to being a cyclic heating direction or to
being less positive than a cyclic heating direction.

In terms of language we now have available, condition (E.11) asserts that
no cyclic heating direction is positive. Condition (E.12) asserts not only this but
also that no direction less positive than a cyclic heating direction is positive. This
amendment is clearly redundant, for (E.11) and (E.12) are equivalent.

In rough terms, (E.14) asserts that cyclic heating directions do not come ar-
bitrarily close to being positive. Condition (E.15) asserts this and also that direc-
tions less positive than cyclic heating directions do not come arbitrarily close to
being positive. Although the last amendment might appear to be redundant,
it is not. This we show in the following remark.

Remark E.1. With 2 and € as in Example E.1 we have already demonstrated
that (X, ¢) is a Kelvin-Planck system, which is to say that condition (E.14) is
satisfied. We show here that (2, ¥) does not satisfy condition (E.15). Recall that,
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for Example E.1, ¥ is a closed cone; in particular, we have % = Cone (%).
Now for every positive integer n let ¢, € .#(X) be defined by

1 2 1
¢n:—2—60_761+n'_26n' (E.16)

By integrating ¢, against ¢, and ¢, in Example E.1 it is not difficult to verify
that

{#un=12..¥. (E.17)

Since (2, %) is a Kelvin-Planck system, (E.17) implies that
o [{¢ntn—1,,.] contains no non-zero positive measure. (E.18)

30es

Moreover, (E.17) implies that

1
Note that ;
1 1 2
¢”—'n_26n:760—751. (E.20)

From this it is not difficult to see that every neighborhood of 5 §, contains an
element of the set on the left side of (E.19). Thus, we have

1 1

From (E.19) and (E.21) it follows that
1
5 0o € ¢f [€ — M (2)] = ¢/ [Cone (%) — M (2)].

Hence, condition (E.15) is not satisfied by the Kelvin-Planck system (X, %).

Comparison of (E.18) and (E.21) illustrates a counterintuitive property that
the space .#(X) may have when 2 is not compact. The set {¢,},_,,. contains
no non-zero positive measure, nor does this set approximate any such measure.
Yet, by adding the negative measure —n=26, to ¢, for each n=1,2,..., we
obtain a set which approximates the positive measure - do. *

Remark E.2. Comments at the end of the preceding remark lay the ground-
work for a different, less formal, and somewhat more physical discussion of the
condition (E.15). The idea here is that we can, if we wish, view (E.15) not only
as a prohibition against certain kinds of behavior in cyclic processes but also as
a constraint on the behavior of a more general category of processes. These we
shall call subcyclic processes.

* The difference in behavior of the sequences defined by (E.16) and (E.20) resides
in the fact that the sequence n~2 §, does not converge to the zero measure: Note that
for each n the measure n~2 ¢, integrates the function f(x) = x2 to unity, while the zero
measure integrates the same function to zero.
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Consider a theory in which states of material points are identified with ele-
ments of a locally compact Hausdorff space X, and suppose that to every process
admitted by the theory there corresponds a heating measure in .#(Z) with physical
interpretation as described in Section 3. The cyclic heating measures % are, as
before, those heating measures which derive from cyclic processes. We say that
a process (not necessarily cyclic) is absorptive [resp., emissive] if the heating measure
for the process is a member of 4, (X) [—.#(X)]; if, in addition, the heating
measure is non-zero then the process is non-trivially absorptive [emissive]. Any
process wherein the body suffering the process emits [absorbs] no heat to [from]
its environment is absorptive [emissive].

Before defining what we mean by a subcyclic process we give some examples.
Consider

(a) a process which consists of a cyclic process followed by an emissive process;

(b) a process which is the union* of a cyclic process and an emissive process;

(c) a process which, when followed by some absorptive process, results in a
cyclic process.

It is not difficult to see that heating measures for the processes described are of
the form ¢ — v, where # is a member of ¥ and » is a member of .#_.(X). By
a subcyclic process we mean a process with heating measure representable in
the form g — v, where ¢ lies in € and » lies in .# ((X). Since the zero measure
is contained in .# (2) it follows that every cyclic process is also subcyclic.

Note that if £’ is the heating measure for a subcyclic process, then there exists
a cyclic process with heating measure ¢ such that ¢(B) = ¢'(B) for every Borel
set B CZ; moreover, if the subcyclic process is not cyclic then ¢(B) > ¢'(B)
for some Borel set B. This is to say that if we restrict our attention to heat ab-
sorbed by material points experiencing states in some fixed but arbitrary Borel
set, then the heat so absorbed during the cyclic process will be no less than that
absorbed during the subcyclic process; if the subeyclic process is not cyclic then,
for some choice of Borel set, the heat absorbed during the cyclic process will
actually be greater. In this sense, every subcyclic process is itself cyclic or else
is “less absorptive” than some cyclic process. ‘

Translated into language introduced here, our observations at the end of
Remark E.1 indicate that, even though no sequence of heating measures cor-
responding to cyclic processes converges to a non-zero positive measure, it
may still happen that a sequence of heating measures corresponding to subcyclic
processes converges to a non-zero positive measure. In somewhat rougher terms
this mean that, even when the cyclic processes do not themselves come arbitrarily
close to being non-trivially absorptive, there may exist subcyclic processes, each
of which is less absorptive than some cyclic process, which come arbitrarily close
to being non-trivially absorptive! This possibility is not precluded by the Kelvin-
Planck condition (E.14) but is precluded by the stronger condition (E.15), for
it is easy to see that the heating measure for any subcyclic process lies in Cone (%)

— MA2).

* We use the word union in SERRIN’S sense. See the discussion of Property 1 in Sec-
tion 3.
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Without going into any detail we assert that, in the presence of reasonable
assumptions about the supply of emissive processes (not necessarily cyclic), the
set

€: = of [Cone (¥) — M ()]

will not only contain but will also be identical to the set of measures approximated
by heating measures for subcyclic processes. Although we shall not mention

subcyclic processes again, readers might wish to keep this interpretation of % in
mind.

Remark E.3. In light of Remark E.1 we can see in another way that any attempt
to construct a Clausius temperature scale in Example E.1 could not have succeed-
ed: For a cyclic heating system (X, ¥) to admit a Clausius temperature scale it
is necessary that condition (E.15) obtain.

To show this we first show that, if 7': X — P is a Clausius scale for (2, %),
then we must have not only (E.4) but also

f i-]’f <0, Vuc€%: = of [Cone(%)— M. (D). (E.22)

Note that (E.4) implies

d,
f —]—i'- <0, VyeCone(%). (E.23)
x

Moreover, the positivity of T implies

d
—TE >0, Wve.#.(2). (E.24)

Combining (E.22) and (E.23), we obtain
d
[E=<0, Vue Cone (®) — M,(2). (E.25)
P

Since the function

d
pe M [£

g T
is continuous, (E.25) implies (E.22).
From this we conclude that if a cyclic heating system (X, %) admits a Clausius
scale T(-), then & can contain no nonzero positive measure: Any such measure
integrates 1/T(-) positively, but (E.22) asserts that all elements of € integrate

1/T(-) non-positively. Thus the existence of a Clausius scale for (X, ¥) requires
that (E.15) hold.

Motivated by our considerations thus far, we record the following definition:
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Definition E.1. A strong Kelvin-Planck system is a cyclic heating system
(&, €) such that 5
€N M (X)= {0}, (E.26)
where 5
%: = of [Cone () — A (2)]. (E.27)

Remark E.4. As we shall see, results obtained for Kelvin-Planck systems
with 2 compact carry over (sometimes under slightly restricted condmons) to

strong Kelvin-Planck systems provided that % replaces % whenever ¢ appears
in the statement of those results. For this reason it will be helpful if we make the

relationship between % and ¢ somewhat more explicit than we have thus far.
It is not difficult to show that

of [Cone (6) — M (X)] = of [¢£ (Cone (8)) — M (2)]. (E.28)

Thus, we have
€ = ot (€ — MAL)). (E.29)

Since both € and A () are convex cones it follows easily from (E.29) that %
is a closed convex cone. Although both ¢ and .#_,(X) are closed, it need not be

the case that € — M (X) is closed. It is this fact which permits the distinction
between Kelvin-Planck systems and strong Kelvin-Planck systems; for whenever

¢ — M () is closed, the strong Kelvin-Planck condition (E.26) reduces to
[€ — M (D) MLZ) = {0}

This is readily shown to be equivalent to the Kelvin-Planck condition (E.2).

There are two easily described circumstances under which % — M (L)
is closed. First, consider a cyclic heating system for which — .# () is contained

in €. This is to say that every negative measure is approximated by the cyclic
heating measures (and their positive multiples).* Under these circumstances

% — A (&) is identical to the closed set %. Moreover, we have
— M ECE=%=2¢.

Next, consider a Kelvin-Planck system for which X is compact. Here again
€ — M (2) is closed, as we show in the following proposition.

Proposition E.1. Let (2, %) be a Kelvin-Planck system with compact 2. Then
(Z, %) is a strong Kelvin-Planck system. In fact,
€ =% — MAD).
That is, % — M (X)) is closed.
* The situation described is hardly far-fetched. In fact we must have — .4 (Z) C €
for any Kelvin-Planck system (Z, ) with compact 2 which has at least one irreversible

element and which admits an essentially unique Clausius temperature scale. See Co-
rollary 9.2.



278 M. FEINBERG & R. LAVINE

Proof. When X is compact Theorem 4.1 ensures that the Kelvin-Planck
system (X, %) admits a Clausius temperature scale, whereupon Remark E.3
requires that (X, ¥) be a strong Kelvin-Planck system. Next we show that

G — M (X) is closed. Suppose that « € #(X) is not in % — M (2). Then,
with o (v) defined as in Lemma 6.1, it is easy to show that J(») is disjoint from

@. Thus, Lemma 6.1 ensures the existence of a Clausius scale T such that

dv
-'77> 0.
z

But arguments in Remark E.3 taken together with (E.29) require that, for any
Clausius scale T, we must have

od, R -
[F=0, Vueot (@ —a.2)=%. (E.30)

Thus, » cannot lie in the closure of ¢ — M (X). From this we conclude that
€ — M () is closed.

We know that every cyclic heating system that admits a Clausius temperature
scale must be a strong Kelvin-Planck system. As we shall see, under a fairly mild
additional condition the converse is true as well. The following lemma lays the
groundwork for the theorem we wish to prove.

Lemma E.1. Let (X, €) be a strong Kelvin-Planck system. Then, for any compact
K X, there exists a non-negative function € C(2,R) such that

[$dy <0, Vg4
Py

and ¢(c) > 0 for all o€ K.

Proof. Recall the notation given in (E.1), and see Theorem F.1 in Appendix F.
Since (2, ¥) is a strong Kelvin-Planck system we must have, for any compact
K2, that .

ML)V ot 18 — M(2)]

is empty. Since .#%1X) is compact and convex and since % and A (&) are convex
cones, Theorem F.1 ensures the existence of a continuous linear function
f: . #(2)—>R such that

>0, wwenSi(D),
flp) =0, Vge %

and
fw) =0, VYucd (2.
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Moreover, since every continuous linear real-valued function on .#(2) is of the
form ¢ for some ¢< C(2,R) we have, for some ¢ C(X,R),

[eadr>0, Vve %), (E.31)
P
[6dy =0, Vge% (E.32)
=
and
[¢du=0, Vuc.d(Z). (E.33)
P

Now, for each o¢ X, the Dirac measure J, lies in .4 (2); thus, from (E.33)
we obtain ¢(¢) = 0 for all ¢ 2. Moreover, for each o€ K we have that §,
lies in .#%!(X); hence, from (E.31) we have ¢(c) > 0 for all o€ K. These posi-
tivity properties of ¢ taken together with (E.32) give the desired result.

The functions given by Lemma E.1 may fail to provide Clausius temperature
scales only because each may vanish somewhere in 2" and, therefore, fail to admit
a reciprocal. We do, however, have for each compact K 2 a non-negative
continuous function on X which is positive on K and integrates non-positively
against all cyclic heating measures. This raises the possibility that such functions,
corresponding to sufficiently many compact sets, can be “patched together” to
ensure the existence of a continuous function which integrates non-negatively
against every cyclic heating measure and is positive everywhere on X. Such a
construction can, in fact, be effected when X satisfies a mild topological condition.

Recall that a topological space is o-compact if it is the union of countably many
compact subsets. If the locally compact Hausdorff space &' is o-compact then there
exists a sequence {K,} of compact sets which cover X and are such that

K, Cinterior (K, 1), n=12,...

(See [B], p. 94.) Note that o-compactness is substantially weaker than compact-
ness. In particular, any locally compact space with a countable base of open sets
is o-compact. For example, o-compactness is a property of any locally compact
subset of a finite-dimensional vector space (endowed with the usual topology).

Theorem E.1. Let (X, %) be a cyclic heating system. Among the following state-
ments we have the implication (i) = (i), and when X is o-compact, (i) = (ii). In
particular, (i) and (ii) are equivalent when X' has a countable base of open sets.

(i) (&, %) is a strong Kelvin-Planck system.

(ii) There exists a continuous function T:X—P such that

dy
=< v .
sz__O, g€¥€

Proof. The implication (ii) = (i) was already proved in Remark E.3. Thus
we suppose that X' is o-compact and prove the implication (i) = (ii). Let {K,}
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be a sequence of compact sets in 2 having the properties described above. For
each n, Lemma E.1 provides 0 < ¢,€ C(Z,R), with ¢,(0) >0 for all o€ K,
such that

f ¢,dyg =0, Vg€&¥b. (E.34)

Moreover, by suitable scaling if necessary, we may suppose that
$(0) =27", Vo€K,. (E.35)

Using (E.35), we may establish that
6EKy, M>N= Y, ¢,(0) < 2!™™, (E.36)
n=M

Since each o€ X resides in some Ky, (E.36) implies that the series

3 4.40)

converges for each . We define the function ¢:2—>P by
b= 2 . (E.37)
n=1

The implication (E.36) ensures that the series on (E.37) converges uniformly on
each K. Thus, the restriction of ¢ to each Ky is continuous. Now each o€ 2
lies in the interior of some K}, so that ¢ is continuous at every . Thus, we have
¢ € C(2,R). Since, for every o€ 2, ¢,(0) >0 for some n we also have that ¢
takes positive values everywhere on 2. Now let T(-) = 1/¢(-). Then (E.34) and
(E.37) give

ffiZ<o Voe%
T=" 7%

P
The last assertion of the theorem results from the fact that if the locally compact
space 2 has a countable base of open sets then X is o-compact.

The following example demonstrates that when X' is not o-compact even a
strong Kelvin-Planck system may fail to admit a Clausius temperature scale.

Example E.2. Let 2’ be an uncountable set with the discrete topology. Then
all functions on X' are continuous, and the compact sets in 2’ are just the finite
ones. Let o, be a fixed element of 2 and let

¢ ={ge M) | g({oo}) =0 and 4({o}) + g({oo) =0, VocZ}.

The set 4 is clearly a convex cone. Writing ¥, for the (continuous) function on 2
which takes the value one at ¢ and zero elsewhere, we have for every u¢€ #(2)

[ oy At = ({00}
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and, for each o€ X,
if (o + %) dpe = p({00}) + p({o}).

Thus, functions in the set
{xﬂu} V {xdo + XG}OE)J

integrate non-positively against all measures in €. On the other hand, any measure
not in ¥ will integrate at least one of these functions positively. From this it

follows easily that ¥ is closed. Thus, we have % =4. Moreover, & contains no
non-zero positive measure so that (2, ¥) is a Kelvin-Planck system. In fact,
& contains — M (), whereupon (2, %) is a strong Kelvin-Planck system (Re-
mark E.4).

Now we show that (X, €¢) admits no Clausius temperature scale. Suppose that
T:X— P is such a scale. Choose a finite set {0y, 03, ..., 0,} not containing a,
such that

n 1 1
A Te) Ty (E.38)

This can be done because, for at least one positive integer k, the set
{e€X| T(e) = k} (E.39)

is uncountable; with & such an integer we can choose from (E.39) a sufficiently
large finite number of elements as to satisfy the requirements of (E.38). Now the
measure

7 = _660+ Z 50,-
i=1

clearly belongs to €. Hence, for the Clausius scale T we must have

J7-Erm) -m=o

But this contradicts (E.38). Therefore, the strong Kelvin-Planck system (X, €)
admits no Clausius temperature scale.

Later, we shall formulate a condition stronger than (E.26) which, for a cyclic
heating system (X, %), is equivalent to the existence of a Clausius temperature scale
for any locally compact Hausdorff 2\

First, however, we take up the question of uniqueness of Clausius scales when
they do exist. For compact 2 this was settled by Theorem 9.1. Moreover, in
Remark 9.2 we indicated that if T is Clausius scale for a cyclic heating system
(2, ) with compact 2, then all other Clausius scales are positive constant multi-
ples of T if and only if, for all o', o€ 2, both T(¢") 6, — T(0) d, and its negative
are members of €. When Z is not compact this last condition remains sufficient
for uniqueness; but, as we show in the following example, it is no longer necessary.
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Example E.3. Let 2 = [I, co0) and, for x¢ X, let

1 1
¢1(x)=-;, ¢z(x)=—x-—- 1.
Moreover, let

= {s¢y + 16, € C(Z,R) | s =0, =0}
and

% ={¢€Jl(2)

[¢dz <0, V¢egf’}.
P

It is shown in Appendix G that ¥ is a closed convex cone (i.e., € = (%) and that

$€C(ZR) and [ddy <0, Vg€ @ = ¢$cF. (E.39)
P

Note that the function T(:): = 1/¢,(-) is a Clausius scale for the cyclic heating
system (2, %). Note also that ¢, and its positive constant multiples are the only
functions of & that take positive values everywhere on 2. Thus, it follows from
(E.39) that T(-) and its positive multiples are the only Clausius scales for (X, %).

Now we show that, with z> y, the measure T(y)d, — T(z) 4, cannot be
an element of €. Note that since 7 (-) = 1/¢,(-) we have

T(») 0, —T(2)6, =y b, — z0,.

Integrating ¢, against this measure we obtain the positive number (z — y); thus,
the measure cannot lie in ¥. (On the other hand, it is readily confirmed that
T(z) 6, — T(y) 6, is an element of %.)

The following theorem generalizes uniqueness results of Section 9 to the
situation in which ' is locally compact. The theorem asserts, in effect, that those

results carry over from the compact case provided that @ replaces €. Here o-
compactness plays no role.

Theorem E.2. Suppose that T:X— P is a Clausius temperature scale for a
cyclic heating system (X, €) and that o and o’ are elements of X. Then the following
are equivalent:

(i) Every Clausius scale Tt:X->P for (X, %) satisfies

Ti(c") T(o")
Tie)  T()

(i) Both T(d') 6y — T(0) 6, and T(o) 6, — T(c") 8, are elements of %.

Proof. In Remark E.3 we showed that the reciprocal of every Clausius tem-
perature scale for a cyclic heating system (X, %) integrates non-positively against

all measures in %. To prove that (ii) = (i) it is only necessary to use this fact and
integrate T'T against both measures mentioned in (ii).
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To prove that (i) = (ii) we suppose that (i) holds but that the compact convex
set consisting only of T(¢”) 6, — T(0) 8, is disjoint from the closed convex cone
€ = of (Cone (¥) — M ().

Then Theorem 2.1 ensures the existence of ¢ ¢ C(X,R) such that
[ ¢d[T(@) 6, — T(6) 8,] = T(0") $(0") — T(0) $(0) > 0 (E.40)
Py
and
[edu<0, Vucé. (E.41)
P

Since, for every o€ X, —&, is contained in € we obtain from (E.41) that ¢
is non-negative on 2, and (E.40) requires that ¢ not be identically zero. Moreover,

since € is contained in ¥ we have, again from (E.41), that

[ddy =<0, Vg€@.
z
Thus the function 77:X-> P defined by

= ¢() + 75 (E.42)

1
Ti() T()

is a Clausius scale different from 7. In fact, with T taken as in (E.42) it follows
from (E.40) that the equation in (i) cannot hold. This contradicts what has been

supposed. Proof that T(¢) d, — T(¢’) 8, lies in & is similar.

As an easy consequence of Theorem E.2 we have:

Corollary E.1. Suppose that T:X—P is a Clausius temperature scale for
a cyclic heating system (X, €). Then the following statements are equivalent:

(1) Every Clausius temperature scale for (X, €) is a positive constant multiple of
T().

(ii) For all o',0€X both T(¢') 06y — T(c)d, and T(o)d, — T(c") b, are
elements of €.

By setting 7(¢") = T(0) in Theorem E.2 we obtain a generalization of Theo-
rem 6.1:

Corollary E.2. Let (X, %) be a cyclic heating system that admits at least one
Clausius temperature scale, and let o’ and o be elements of 2. The following state-
ments are equivalent:

(i) T(c') = T(o) for every Clausius scale T.
(i) Both 6, — b, and 8, — 8, are elements of €.

Remark E.4. If the cyclic heattng system (X, €) of Theorem E.2 is such that
€ — M A{2) is closed (i.e. if G =%—M H2)), then condition (ii) of Theorem E.2
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can be satisfied only if the two measures mentioned there lie in €. (If X' is compact,

Proposition E.1 asserts that % — M (2) is closed so that the results given by
Theorem E.2 and its corollaries reduce, as they should, to those given in the main
body of this article. We are claiming here that this same reduction takes place

whenever € — M () is closed, even if X' is not compact.)

Proof. Suppose that ¢ =% — A (2) and that condition (ii) is satisfied.
Then
T(6") 0y — T(0) 0s = ¢1 — ¥4
and
T(0) 6, — T(0") 65 = @5 — V32,

where ¢, and ¢, are (non-zero) elements of % and v, and », are elements of .# (2).
Adding these equations and rearranging, we obtain

g1t g2 =r + 1, €GN ML(D).

By supposition the system (2, ¥) admits a Clausius scale and must therefore have
the (strong) Kelvin-Planck property. Hence,

71+ g2 =v1+ v, =0.

Since v; and », are elements of .# (), it can only be the case that », = 0 and
'VZ = 0.

Remark E.5. Even when 4 — A _(2) is not closed we may nevertheless assert
that, if both measures mentioned in condition (ii) of Theorem E.2 liein ¢ — .# (),

then both must in fact lie in €. (The same is true of any pair consisting of a measure
and its negative.) Proof of this assertion is virtually the same as that given in the
preceding remark. Note that if condition (ii) is satisfied, the two measures men-

tioned there can fail to lie in € only if at least one of them lies in </ (‘% — M ()
but not in € — #,(2) itself.

We devote the rest of this appendix to further consideration of conditions on
a cyclic heating system (2, ¥) sufficient for the existence of a Clausius temperature
scale. Although we believe that, from a practical standpoint, Theorem E.1 resolves
this issue for thermodynamical theories in which the state space is locally compact,
we would nevertheless like to say something about cyclic heating systems for
which 2 is locally compact but not g-compact. Recall that for such systems the
strong Kelvin-Planck property (E.26) is necessary but not sufficient for the existence
of a Clausius temperature scale.

For a Kelvin-Planck system (X, %) it must be the case that

of [Cone ()] N\ M (2) = 8.

That is, for each »¢ .#%(X) there must exist an open neighborhood of », say
A",, which is disjoint from Cone (%¥). Moreover, because .#(X) is locally convex
we can assume that each 47, is convex. By taking the union of all .#°, we obtain
an open set which is a neighborhood of every v¢ .#'.(X) and which is disjoint
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from Cone (%). We cannot, however, assert that the open set so obtained is convex.
Even though there exists for each element of . (X) an open convex neighborhood
disjoint from Cone (%), there may exist no single open convex set which is disjoint
from Cone (%) and is a neighborhood of every v€ .#'.(X). If such a set exists
we say that the Kelvin-Planck system (X, %) is uniform.

Definition E.2. A4 uniform Kelvin-Planck system is a cyclic heating system
(2, €) with the following property: These exists a convex open neighborhood of
MY(Z) which is disjoint from Cone (€).

Theorem E.3. For a cyclic heating system (X, %) the following statements are
equivalent

) (2, %) is a uniform Kelvin-Planck system.

(ii) There exists a continuous function T:X—> P such that
Yo, vsew
if T =V, g € .

Proof. In proving that (i) implies (ii), we suppose that 4" C .#(X) is a convex
open neighborhood of .#% (X) which is disjoint from Cone (%). It is easy to show
that 4" is also disjoint from the convex cone G: = of [Cone (¥)]. Now we invoke
another version of the Hahn-Banach Theorem ([C1], Theorem 21.11) which asserts
that in a topological vector space two disjoint non-empty convex sets, at least
one of which is open, admit separation by a closed hyperplane. In our context,
this theorem implies that there exist ¢€ C(Z,R) and v ¢R such that

[odv>y, Vrves (E.43)
5
and
[odg <y, Vgc@. (E.44)
Py

Since € is a cone, it follows easily from (E.44) that y cannot be negative. Thus, we
have

[¢dv>0, VveN (E.45
P
and
[6ds <0, Vge4. (E.46)
z

Because, for every o€ X, the Dirac measure d, lies in A”, we obtain from (E.45)
that

#o) = [$ds,>0, VoclX.
z

Now (ii) emerges from (E.46) by setting T(-) = 1/¢().
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To prove that (ii) implies (i) we need only observe that .#* (Z) lies in the (con-

vex) open half-space
adv 0
2

This half-space is clearly disjoint from Cone (%), for each element of Cone (%)
integrates 1/7(-) to a non-positive number.

{v €M)

Corollary E.3. Every uniform Kelvin-Planck system is a strong Kelvin-Planck
system. Moreover, every strong Kelvin-Planck system with a o-compact state space
is a uniform Kelvin-Planck system.

Proof. If (X, %) is a uniform Kelvin-Planck system Theorem E.3 ensures the
existence of a Clausius temperature scale for it. In this case, Theorem E.1 requires
that (X, ) be a strong Kelvin-Planck system. Similarly if (2, ¥) is a strong Kelvin-
Planck system for which 2 is o-compact, Theorem E.1 ensures the existence of a
Clausius scale for (X, %). But then Theorem E.3 requires that (X, ¥) be a uniform
Kelvin-Planck system.

Remark E.6. A strong Kelvin-Planck system (2, ¢) for which X is not o-
compact need not be a uniform Kelvin-Planck system. In fact, the strong Kelvin-
Planck system described in Example E.2 admits no Clausius scale and therefore
cannot be a uniform Kelvin-Planck system. Thus, the uniform Kelvin-Planck
condition described in Definition E.2 is more stringent than the strong Kelvin-
Planck condition described in Definition E.1.

Despite the fact that the uniform and strong Kelvin-Planck conditions coin-
cide for o-compact locally compact state spaces and despite the fact that all uni-
form Kelvin-Planck systems admit Clausius scales, we think the uniform Kelvin-
Planck condition is somewhat less appealing than the three conditions (E.13)-
(E.15) discussed earlier. Those resulted merely from the taking of closures in the
three natural and equivalent conditions (E.10)-(E.12), the idea being that cyclic
processes should not come arbitrarily close to standing in violation of the Kelvin-
Planck Second Law. Where the Kelvin-Planck condition (E.14) requires that
M*.(X) have an open neighborhood disjoint from Cone (%), the uniform Kelvin-
Planck condition requires that this neighborhood should also be convex. Although
there may be a compelling argument for the imposition of this additional stric-
ture, it is not one we have been able to make.

Remark E.7. In our preliminary study [FL] we confined our attention to the
situation in which elements of 2 are identified with readings on a presupposed
empirical temperature scale. That is, X was taken to be an interval of the real line.
Our effort was devoted almost entirely to study of cyclic processes in which no
material point experiences an empirical temperature outside a fixed closed and
bounded set. Thus, for most of our preliminary work X was identified with a
compact interval. By invoking the Kelvin-Planck condition, we were able to prove
the existence of a Clausius temperature scale much as we did in Theorem 4.1.
Furthermore, we asserted in [FL] that when 2’ is an open (possibly unbounded)
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interval the existence of a Clausius temperature scale follows from the more re-
strictive uniform Kelvin-Planck condition. Working independently with heating
measures defined on an open interval of empirical temperatures, SILHAVY [S4]
obtained the same result by invoking the uniform Kelvin-Planck condition in a
different but equivalent form: There exists an open convex cone which contains the
non-zero positive measures but no cyclic heating measure. Since intervals of the
real line are o-compact, both we and SILHAVY could just as well have employed
the strong Kelvin-Planck condition in dealing with non-compact intervals of
empirical temperature. Insofar as the uniform Kelvin-Planck condition invokes
rather arbitrarily the existence of convex open sets with prescribed properties,
we think the strong Kelvin-Planck condition is to be preferred.

We close this appendix by indicating why it is that classical arguments seem
to deliver Clausius temperature scales for non-compact state spaces on the basis
of the Kelvin-Planck condition rather than the more stringent strong or uniform
Kelvin-Planck conditions. The fact of the matter is that the classical arguments
do not provide the existence of Clausius scales solely on the basis of the Kelvin-
Planck condition, for they also invoke the existence of a large supply of reversible
cycles (and Carnot cycles in particular).

Let (£, %) be a Kelvin-Planck system with X' locally compact and Hausdorff.
For each compact K X let €5 C #(K) be the closed convex cone obtained by
taking the sestriction of measures in

&N HKZ)
to Borel sets contained in K. * From the fact that (X, ¥) is a Kelvin-Planck system
it follows that (K, %) is also a Kelvin-Planck system. Thus, Theorem 4.1 ensures

that there exists a Clausius temperature scale on K — that is, a continuous
function @y: K— P such that

d.
[&=0 vpet (E47)
b Ok

Moreover, in the presence of a suitably large supply of Carnot elements for (K, €),
Theorem 9.1 asserts that @x(-) is essentially unique—that is, that all positive con-
tinuous functions on K satisfying (E.47) are constant multiples of @x(-). The
existence of an essentially unique Clausius scale on each compact K 2 ensures
the existence of a Clausius scale for (X, ¥). This we show in the following pro-
position.

Proposition E.2. Let X be a locally compact Hausdorff space, and let (X, )
be a cyclic heating system. If, for every compact KC X, there is an essentially
unique Clausius temperature scale on K, then (X, %) admits an (essentially unique)
Clausius temperature scale.

Proof. Let o, be some fixed element of X. If K is any compact set containing
o, we denote by @ the (unique) Clausius scale on K that takes the value one at

* The linear subspace #X(Z) C 4(Z) defined in (E.1) is closed.
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o,. Note that if X and K’ are compact sets in 2 such that ¢, € K C K’, then @
is the restriction of @y, to K.

Now welet T: 2 — P be defined as follows: For each ¢ € X set T(¢) = Ok(0)
for any compact K containing both ¢ and o,. There is no ambiguity here, for if
K’ is a different compact set containing ¢ and ¢, we have O (0) = O x(0) =
Ox(0). Note that for any compact K containing o, T extends @. The function
T is continuous because each element ¢¢ X has a compact neighborhood N
containing o,,* and on this neighborhood T agrees with @, ¢ C(N,R).

Next we show that T'is a Clausius scale for (X, ). Let # be any element of €,
and suppose that the support of ¢ lies in some compact K C 2 containing . **
Furthermore, let ¢ denote the restriction of ¢ to those Borel sets of X contained in
K. Thus, ¢# is an element of . Then we have

d¢ fd¢<0

Therefore, T:X P is a Clausius scale for (X, %).

The essential uniqueness of the scale T follows from the fact that any Clausius
scale for (2, ¥) which takes the value one at ¢, when restricted to any compact
K X containing o4, must by hypothesis coincide with @y.

Remark E.8. For a Kelvin-Planck system (2, %), the existence of a Clausius
temperature scale on each compact K C 2 does not by itself ensure the existence
of a Clausius temperature scale for (X, ). In Example E.1 it is not difficult to
see that, for any compact K C [0, co), there exists a function fi€ % that is
positive on K. The function @g: K— P defined by

@K(x) = IZ/‘K(X)a VxE Ka

is a Clausius scale for the Kelvin-Planck system (K, k). Nevertheless, the Kelvin-
Planck system (2, ¥) of Example E.1 admits no Clausius temperature scale. It
is the lack of an essentially unique Clausius scale on every compact K C [0, co)
that precludes application of Proposition E.2.

Appendix F. A Variant of Theorem 2.1

There is a variant of Theorem 2.1 which, when applied to a Kelvin-Planck
system (X, %), will give conditions on % equivalent to the existence of Clausius
temperature scales having special properties.

Theorem F.1. Let V be a Hausdorff locally convex topological vector space,
let K be a compact convex subset of V, and let A and B be convex cones in V. Then
the following statements are equivalent:

* Since X is locally compact, ¢ has a neighborhood N’ with compact closure. If
¢Z(N’) does not contain oq, take N = £(N') U {a,}.
** For example, take K = supp (¢) V {oo}.
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(i) KN ef (A — B) is empty.
(ii) There exists a continuous linear function f. V>R such that

Jk) >0 for all ke K,

fl@) =0 for all ac A
and
Jf() =0 for all be B.

Proof. Since ¢/ (4 — B) is a closed convex cone, condition (i) implies, by
Theorem 2.1, the existence of a continuous linear function f: ¥ —R such that
ftk)>0 for all k€K and f(c) =<0 for all ¢€ ¢/ (A — B). Since 4 and B
are cones it follows easily that f(a¢) <0 for all a€ 4 and f(b) =0 for all
bec B. Thus (i) implies (ii).

Now suppose there exists a continuous f: ¥R that satisfies the require-
ments of (ii). For any ac A and b€ B we have

fla — b) =fla) — f(b) = 0.

Thus for any ¢€ 4 — B we have f(c) = 0, and the continuity of f ensures that
J(©) =0 for any c€«f (A — B). Since for any k£ in K we have f(k)>0 it
follows that K and < (4 — B) can have no element in common. Hence (ii) implies

().

Theorem F.1 may be applied to deduce a useful fact about Kelvin-Planck
systems. Here, as in the main body of this article, 2’ is taken to be compact.

Corollary F.1. Let (X, ) be a Kelvin-Planck system, and let # C M (X) be a
convex cone. Then the following are equivalent:

() ML) of (% — B) is empty.
(i) [ CI\N{O}Y] N £ (€ — B) is empty.
(iii) There exists a Clausius temperature scale T:X— P such that

7
[F=z0 foranl cea.
xz

Proof. The implications (i) & (ii) follow easily from the fact that both
[ 2\ {0P) and </ (¥ — &) are cones and the fact that

[# ,(2)\ {0}] = Cone [£'(D)].
The implications (i) < (iii) are proved by setting V= #(2), K= .#'(2),

A=% and B= % in Theorem F.1 and drawing on the fact that a linear
function f: .#(2)—R is continuous if and only if there exists a continuous

¢:2~—>R such that
fey= [$du.
=z

The function ¢(-) is identified with 1/7(-).
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Appendix G. On the Construction of Counterexamples

There are several instances in which we shall want to give counterexamples
to assertions that cyclic heating systems with specified properties admit Clausius
temperature scales of a certain kind. In each case we shall construct a cyclic heating
system (2, %), with ¥ a closed convex cone in #(X), for which we know all ele-
ments of C(Z, R) that integrate nonpositively against every measure in . For this
purpose we shall generally specify a closed convex cone & C C(Z,R), define

€ C M) by
%: = {yejz():).ff@ <0, erf},

and then assert that any element of C(X, R) that integrates non-positively against
each element of € must in fact be a member of #. Here we provide the theoretical
basis for constructions of this kind.

The facts we need can be stated in terms of a general locally convex Hausdorff
topological vector space V. We denote by V' the vector space of continuous real-
valued linear functions on V, and we give V'’ the weak-star topology—that is,
the coarsest topology that, for every v€ ¥V, renders continuous the function
fo: V'—>R defined by

(@)= v'().

With this topology, V" is a locally convex Hausdorff topological vector space, and
every real-valued continuous linear function on ¥’ is of the form f,(-) for some
ve V ([R2], p. 66).

Proposition G.1. Let V be a locally convex topological vector space, let F be
a subset of V, and let
Fi= eV |v@) =0, VveF}.
Then
(@) &~ is a closed convex cone in V',
and

(b) if & is a closed convex cone in V,

V) £0, YO'eF- = veEF.
Proof. (a) For each v€ V' the half-space
eV |vE <0}

is a closed convex cone in V. By taking the intersection of those half-spaces
corresponding to all v € %, we obtain the set #~ C V’. Since &~ is the inter-
section of closed convex cones, &~ must also be a closed convex cone.

(b) Suppose that # is a closed convex cone and that, for some v € ¥V, we have

v(B) <0, VocF-. (G.1)
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Suppose further that v is not a member of &. Since the set {7} is compact and con-
vex, Theorem 2.1 ensures the existence of v5€ ¥’ such that

vo(@) > 0 (G.2)
and
(W) =<0, Vve&F. (G.3)
Now (G.3) asserts that v, is a member of #—. But then (G.2) contradicts (G.1).
Thus (G.1) requires that v be a member of #.

The following proposition provides a simple way to construct closed convex
cones in V.

Proposition G.2. Let {v,, v,,...,v,} be a linearly independent set of vectors
in V. Then the set
Py, 03, .. vp): = {0y + a0 + o F a0, €V |, 20, i=1,2,..., 71}
is a closed convex cone.
Proof. Straightforward computation shows that Py, v,, ..., v,) is a convex
cone. Moreover, P(v,, v, ..., v,) is a subset of the finite-dimensional (and there-

fore closed) linear subspace S C ¥ spanned by {v,, v,, ..., v,}. Under the homeo-
morphism T:R"— S given by

T(x1, X9y «vey Xp) = X01 + X303 + ... =+ X0,
the cone P(vy, v, ...,v,) is the image of the closed set
{6 %0 o, X)ER" [ %, 20, i=1,2,...,1).
Therfore, P(vy, vy, ..., v,) is closed in the relative topology on S. Since S is a

closed subset of V, P(vy, vy, ..., v,) is a closed subset of V.

The following corollary to Proposition G.1 provides a way to construct
cyclic heating systems for which all possible Clausius temperature scales (if any)
are prescribed in advance. In the statement of the corollary it will be understood
that C(2,R) is given the usual supremum norm topology.

Corollary G.1. Suppose that X' is a compact Hausdorff space and that F is a
closed convex cone in C(X,R). Moreover, let € C #(X) be defined by

%::9—:{9;6.//1(2)

[fdy <0, Vfe gv}.
z

Then ¥ is a closed convex cone in M(X); i.e., € =4. If # contains a positive
Sunction, then (X, %) is a Kelvin-Planck system. If fc C(Z,R) satisfies

f fdg =0, Vge9¥,

P

then fis a member of F . In particular, if T: X — P is a Clausius temperature scale

Jor (2, ) then, for some feF, T()= 1/f().
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Proof. Take ¥V = C(Z,R) and ¥V’ = #(X) in Proposition G.1. Using the
definition of a Clausius temperature scale and Theorem 4.1, we obtain the desired
result.

Remark G.1. In Appendix E we consider the case in which 2'is locally compact
but not necessarily compact. In this case the conclusions of Corollary G.1 still
hold with .#(2) interpreted as in Appendix E and with C(2, R) given the compact
open topology. This is the coarsest topology on C(2, R) that renders open every
set of the form

Ny(K,0): = {¢'€ C(Z,R): | ¢'(0) — $(0) | <&, Vo€K},

where ¢ is a member of C(Z,R), « >0, and K2 is compact. Corollary G.1
then results from taking ¥V = C(Z,R) and V' = .#(2) in Proposition G.1,
from the definition of a Clausius scale given near (E.4), and from Theorem E.1.
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